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Yiksek Lisans Tezi

OZET

SINIRLI KAFESLER UZERINDE UCGENSEL NORMLARIN
INSASI

MERVE YESILYURT

Karadeniz Teknik Universitesi
Fen Bilimleri Enstitiisii
Matematik Anabilim Dali
Danisman: Dr. Ogr. Uyesi Umit ERTUGRUL
2019, 76 Sayfa

Bu ¢alismanin amaci sirli L kafesinin alt araliklar tizerinde tanimli t- normlardan
L smirl kafesi tizerinde bir t- norm elde etmek i¢in bir insa metodu vermek, bu metodu
literatiirdeki mevcut yontemlerle karsilastirmak ve bu metodu genellestirmektir.

Bu ¢alisma iki ana boliimden olusmaktadir. Boliim 1 de ¢alismaya temel olusturan
bazi tanim, teoremler verilmistir. B6liim 2 de, ilk 6nce L smirh kafesinin [0, a4 ], [a4, 1] alt
araliklari iizerinde tanimli t- normlardan L smirh kafesi tizerinde bir t- norm elde etmek
i¢in bir metot verilmistir. Bu metot mevcut metotlarla karsilastirilmis ve farkliliklar

orneklerle ortaya konulmustur. Dahas1 bu metot genellestirilmistir.

Anahtar Kelimeler: Uggensel norm, Sinirli kafes
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SUMMARY

CONSTRUCTION OF TRIANGULAR NORMS ON BOUNDED LATTICES
MERVE YESILYURT

Karadeniz Technical University
The Graduate School of Natural and Applied Sciences
Mathematics Graduate Program
Supervisor: Assistant Professor Umit ERTUGRUL
2019, 76 Pages

Aim of this study is to give a construction method to obtain a t- norm on the bounded
lattice L from the t- norms on subintervals of bounded lattice L, is to compare the
mentioned method with the available methods in the literature and is to generalize this
method.

This study consists of two main parts. In Chapter 1, some definitions and theorems
which are the basis of our study are given. In Chapter 2, a method to obtain a t- norm on
the bounded lattice L from the t- norms on the subintervals [0, a,], [a,, 1] of bounded
lattice L is given at first. This method is compared with the existing methods and the

differences are presented with examples. Moreover, this method is generalized.
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1. GENEL BILGILER
1.1. Giris

Menger’in ‘Statistical Metrics’ adli ¢aligmasi ile liggensel normlarin tarihi baglamistir
[25]. Uggensel normlar klasik iiggen esitsizliginin bir genellestirmesi sirasinda ortaya
cikmistir. Giintimiizde kullanildigi haliyle t- normlarin aksiyomlar1 Schweizer ve Sklar
[28-32] tarafindan verilmistir. Literatiirde tiggensel normlar birgok farkli agidan ele
alimmustir: liggensel normlardan elde edilen siralamalar [6,20,21], ticgensel normlardan
elde edilen kapams operatdrleri [16] vb. Ucgensel normlar ilk olarak [0,1] birim reel
araligr lizerinde tanimlanmistir [22]. Daha sonra [0,1] birim reel aralik durumundan daha
genel olan L sinirh kafesler lizerinde tanimlanmistir ve birgok arastirmaci sinirh kafesler
tizerindeki t- normlari aragtirmistir [4,6,26].

Bircok uygulama alani olmasi sebebiyle, sinirli kafesler iizerindeki tiggensel
normlarin ingasi arastirmacilar tarafindan ilgi ¢eken bir konu olmustur. Dahasi, ticgensel
normlarin uninormlarin ve nullnormlarin 6zel bir sinifi [7,8] oldugu da g6z oniine alininca,
ticgensel normlar icin elde edilecek bir inga yonteminin sadece iiggensel normlar i¢in degil,
aggregation fonksiyonlarinin ailesi i¢in de oldukca 6nemli oldugu anlasilir.

Literatiir incelendiginde, Saminger’in simirli kafesler iizerinde t- normlarin insasi
lizerine yaptig1 ¢alisma goriiliir [26]. Fakat bahsi gecen insa metodu her durumda herhangi
bir kafes iizerinde veya keyfi t- normlar i¢in bir t-norm iiretmemektedir. Daha sonra,
Ertugrul vd. [6] Saminger’in ingsa yonteminin her zaman bir t- norm iiretmiyor olmasi
gerceginden hareketle, sinirli kafesin bir alt araligi tizerinde tanimli bir t- normdan L
tizerinde bir t- norm elde etmek i¢cin bir metot Onermistir. Fakat bu yontem de smirh
kafesin [a,1] tipinde bir alt araliginda tanimli bir t- normdan L kafesi iizerinde bir t- norm
elde etmenin bir yolunu verir. L nin alt araliklarinda tanimli t- normlarin bir insasini
saglamaz. Ertugrul vd. ve Saminger’in ardindan Cayli [4] da Ertugrul vd. lerinin insa
metodunu modifiye ederek alternatif bir metot Gnermistir.

Bu ¢alismada, L smirli kafesinin alt araliklar1 {izerinde tanimli t- normlardan, higbir
ek sarta gerek olmaksizin, L siirh kafesi tizerinde bir t-norm elde etmek i¢in insa metotlari

tizerinde durulmustur.



1.2. Kismen Sirali Kiimeler ve Kafesler

1.2.1. Kismen Sirali Kiimeler

Tamim 1.1. [2] K bir kiime ve <, K {izerinde bir bagint1 olsun. Her a, b, ¢ € K igin

Kl.Hera e Kigina < a (Yansima)
K2.a,beKicina<b ve b<a isea=»hb (Ters Simetri)
K3.a,b,ceKicina<hb ve b<c isea<c (Gegisme)

sartlar1 saglanirsa, < bagmtisina K {izerinde bir siralama (veya kismen siralama) denir.
Uzerinde bir < siralama bagintist meveut olan K kiimesine sirali kiime (veya kismen sirali
kiime) denir ve bu kiime (K, <) ikilisi ile gosterilir.

Eger a < b ve a # b ise a < b yazilir ve ‘a, b de 6z olarak igerilir’ olarak ifade
edilir. a < b bagintis1 b > a olarak da yazilir ve ‘a, b de igerilir’ olarak ifade edilir.
Benzer sekilde a < b, b > a olarak da yazilir.

Ornek 1.2. A bir kiime olmak iizere, (§2(A4), S) kismen siral1 bir kiimedir.

Lemma 1.3. [2] Herhangi bir kismen sirali kiimede hig¢bir a i¢in a < a ve a < b ve
b <cisea < cdir.

Uyan 1.4. [2] (K, <) kismen siral1 bir kiime olsun.

(i) Bir a € K eleman1 her x € K igin a < x sartin1 saglayacak sekilde mevcutsa
boyle bir a elemanma K nin en kiigiik eleman1 denir ve 0 ile gosterilir. Bu elemanin tek
oldugu agiktir.

(if) Bir b € K elemani her x € K igin x < b sartin1 saglayacak sekilde mevcutsa
boyle bir b elemanina K nin en biiyiik eleman1 denir ve 1 ile gosterilir. Bu elemanin tek
oldugu aciktir.

Eger 0 ve 1 elemanlar1 varsa, her x € K i¢in 0 < x < 1 oldugundan 0 ve 1 e evrensel
siirlar denir.

Lemma 1.5. [2] (K, <) kismen sirali bir kiime ve x4, x5, ..., X, € K olsun.

Egerx; < x, <+ < x, < x; iSe x; = x, = -+ = x,, (ters devir) dir.

K4.Heravebigina < bveyab < adir.

Tanmim 1.6. [2] K4 o6zelligini saglayan bir kismen sirali kiimeye tam sirali kiime,
zincir veya lineer sirali kiime denir.

Teorem 1.7. [2] (K, <) kismen sirali bir kime ve T € K alt kiimesi ise, (T, <)

kismen sirali bir kiimedir. Ozel olarak, K bir zincir ise T de zincirdir.



Ornek 1.8. [2] R reel sayilar kiimesi bir zincir oldugundan N dogal sayilar kiimesi, Z
tam sayilar kiimesi ve Q rasyonel sayilar kiimesi dogal siralamaya gore bir zincirdir.

Tanmmm 1.9. [2] (K, <) kismen sirali bir kiime olsun. a,b € K i¢in ‘a orter b’
denir: & a > b olup, a > x > b olacak sekilde bir x € K eleman1 mevcut degildir.

Tamim 1.10. [2] (K, <) kismen siral1 bir kiime olsun. a,b €K icina £bveb £ a
ise yani a ve b elemanlar1 kiyaslanmiyorsa a ve b elemanlarina kiyaslanamayan elemanlar
denir ve bu a || b ile gosterilir.

Tanmm 1.11. (L,<,0,1) smurh bir kafes ay,...,a; v, @y, @y €L, 0=a, <

Ap1 S S@ < <a; < <ag=1olsun I, vel, . sirastyla

pAit1s-
lyy={x€L: xllaveay <x=<a;}

a4 = {xe€L:xlla, xll ajzq,.., xllajvea_; <x < a;q}

olarak tanimlanir.

Kapsama bagintis1 kullanilarak herhangi bir sonlu kismen sirali kiimenin asagidaki
gibi bir grafiksel gosterimi elde edilir: K nin her bir elemanin1 gostermek igin kiiciik bir
daire ¢izilir ve a > b oldugunda a, b den daha yukari yazilir. a, b yi orttiiglinde a dan b
ye diiz bir ¢izgi ¢izilir. Sonugta elde edilen sekle K nin bir diyagrami denir. Asagida bazi

kismen sirali kiimelerin diyagram 6rnekleri verilmistir.

1 1 1
-
C
a d
- - o C a
b
b c
o 0

Ms Ny Py

Sekil 1.1. Diyagram 6rnekleri

Tamm 1.11. [2] (K, <) kismen sirali bir kiime ve Y € K olsun.
(i) a € Y olsun. Eger x < a olacak sekilde x € Y mevcut degil ise bu a
elemanina Y kiimesinin bir minimal eleman1 denir.
Y kiimesinde maksimal eleman, dual olarak tanimlanir.
En kiiciik eleman bir minimal eleman ve en biiyilk eleman da bir maksimal

elemandir. Ancak tersinin dogru olmasi gerekmez.



Teorem 1.12. [2] (K, <) kismen siral1 bir kiime ve @ # Y € K sonlu alt kiime olsun.
Bu takdirde Y kiimesi minimal ve maksimal elemanlara sahiptir.

Teorem 1.13. [2] Zincirlerde minimal (maksimal) ve en kiigiik (en biiyiik) eleman
kavramlar1 denktir. Boylece keyfi alinan sonlu bir zincir en kiiglik ve en biiylik elemanlara
sahiptir.

Tamim 1.14. [2] (K, <) kismen sirali bir kiime ve Y € K olsun.

(l)ae Kvehery €Y iciny < aise, a elemanina Y kiimesinin bir iist sinir1 denir
ve Y kiimesinin iist smurlarinin kiimesi Y ile gosterilir. Her t €Y i¢in a <t ise, a

elemanina Y kiimesinin en kii¢iik {ist sinir1 veya supremumu denir ve a = supY veya a =
V'Y ile gosterilir.

(i)be Kveher yeYiginb <y ise, b elemanina Y kiimesinin bir alt sinir1 denir
ve Y kiimesinin alt sinirlarinin kiimesi Y ile gosterilir. Her k € Y icin k<b ise, b
elemanina Y kiimesinin en biiyiik alt sinir1 veya infimumu denir ve b = infY veya b =AY

ile gosterilir.

1.2.2. Kafesler

Tanim 1.15. [2] (L, <) bir kismen sirali kiimesi olsun. Her x,y € L i¢in sup{x, y}
ve inf{x, y} varsa L ye kafes denir.

x,y € Licinx Vy :=sup{x,y} vex Ay :=inf{x,y} olarak gosterilir.

Ornek 1.16. [2] Sekil 1.1 de verilen diyagram 6rneklerinde Ms ve N kafes olup P
kafes degildir.

Ornek 1.17. [2](¢(A), S) kismen sirali kiimesi bir kafestir. Bu kafeste her X,Y €
P(A) icinXVY=XUY veXAY =XnNYdir.

Tamm 1.18. [2] Bir L kafesine sinirli kafes denir:< L, en kiigiik eleman 0 ve en
biiyiik eleman 1 e sahiptir. Bu durum, kisaca (L, <, 0, 1) ile gosterilir.

Tamm 1.19. [2] L bir kafes ve A € L olsun. A alt kiimesine L kafesinin bir alt
kafesidir denir:< Hera,b € A icinaAb €A veaV b € Adir.

Bir kafeste bos kiime ve tek elemanli alt kiimeler alt kafestir. Daha genel olarak,
(L, <) birkafesve a,b € Licin a < b ise

[a,b] :={x € Lla < x < b}

ile tanimlanan [a, b] kapali aralig1 bir alt kafestir.



Benzer sekilde L kafesinin

(a,b] :=={x € L|a < x < b},

[a,b) :={x € L|la < x < b},
yar1 agik araliklar ve

(a,b) =={x € Lla < x < b}
acik aralig1 da tanimlanabilir.

Tanmm 1.20. [2] (T, <) ve (K, <,) iki kismen sirali kiime olsun. T ve K kismen
strali kiimelerinin

TXK={(xy)|x€eT,y€K}
seklinde tanimlanan T X K kartezyen garpim kiimesi

(1) S (g y2) © xS x,vey1 Sy, X%, €T, 1,7, €K
bagintis1 altinda kismen sirali bir kiimedir. Bu (T X K, <) kismen sirali kiimesine T ve K
kismen siral1 kiimelerinin direkt ¢arpim kiimesi denir.

Teorem 1.21. [2] M ve N iki kafes olsun. M X N direkt ¢arpimi1 da yine bir kafestir.
Burada (x4, v1), (x2,y,) € M X N igin

(1, ¥1) V (x2,¥2) = (X1 VX2, 71 V ¥2)

(1, ¥1) A (X2, ¥2) = (X1 A X2, ¥1 AY2)
dir.

Bir kafeste A ve v ikili iglemleri 6nemli cebirsel 6zelliklere sahiptir.

Lemma 1.22. [2] K kismen sirali bir kiime olsun. Infimum ve supremum islemleri

(eger varsa) asagidaki ozelliklere sahiptir:

Ll. aha=a, aVa=a, (Idempotent)
L2. anb=bAa, aVb=bVa, (Komiitatif)
L3. (anb)Ac=an(bAc), (aVvb)Vc=aV(bVc), (Birlesme)
L4. an(avb)=aVv(aAb)=a. (Yok etme)

Ustelik a < b ifadesia Ab = a ve aV b = b sartlarinin her birine denktir.
Lemma 1.23. [2] K, O en kiigiik elemanina sahip kismen sirali bir kiime ise her a €
K icin
OAa=0veOVa=a
dir. Dual olarak K, 1 evrensel iist sinirina sahip ise her a € K i¢in
aNl=aveavl=1
dir.



Lemma 1.24. [2] Herhangi bir kafeste infimum ve supremum islemleri sira korurdur.
Yani bir L kafesinde a, b, ¢ € L igin
b<cise aAnb<aAc ve aVb<aVc,
saglanir.
Lemma 1.25. [2] L bir kafes olsun. Her a, b, ¢ € L igin
aN(bvc)=(aAnb)V(aAc)
aV(bAnc)<(avb)A(aVc)

esitsizlikleri saglanir.

1.3. [0, 1] Uzerinde Ucgensel Normlar ve Konormlar
1.3.1. Temel Tanim ve Teoremler
1.3.1.1. [0, 1] Uzerinde Ucgensel Normlar
Aksi belirtilmedikge, [0,1] tizerindeki dogal siralamay: < ile gosterecegiz.

Tanmm 1.26. [22] Bir iiggensel norm (kisaca t- norm) T, [0,1] birim araligi {izerinde

bir ikili islemdir; T: [0,1]? — [0,1] fonksiyonu her x,y, z € [0,1] igin asagidaki 6zellikleri

saglar.
Tl T(x,y) =T(y,x) (Komiitatiflik)
T2. T(x,T(y,2)) = T(T(x,y),2) (Birlesme)
T3. y<zise T(x,y) <T(x,2) (Monotonluk)
T4, T(x,1) =x (Sinir sarti)

ozelliklerini saglar.

Ornek 1.27. [22] Dort temel t- norm olan Ty, Tp, Ty, Tp asagidaki gibidir:

Ty (x,y) = min(x,y) (Minimum)
Tp(x,y) = xy (Carpim)
T, (x,y) = max(x +y — 1,0) (Lukasiewicz t-norm)
0, (x,y) € [0,1)?, :
T, = Drastik
b(x,7) {min(x, y), Aksi halde. (Drastik garpim)



Uyar 1.28. [22] T, [0,1] birim aralig1 iizerinde bir t- norm olsun.

(i) Tanim 1.26 ile her T t- normu her x € [0,1] igin

T(0,x)=T(x,0) =0 1)

T(1,x)=x 2
esitliklerini saglar. (1) ve (2)’ de verilen esitliklere ilave sinir sarti denir. Boylece her t-
norm [0,1]? birim kare iizerinde gakisiktir.

(if) Bir T t- normunun ikinci bilesene gore monotonlugu, (T1) komiitatiflik ve (T3)
monotonluk 6zellikleri ile tanimlanir. Bu monotonluk her iki bilesene gére monotonluga
denktir; yani
x1 S X3 Ve Y1 Sy, ise T(xy,y1) < T(x2,¥2) 3)
saglanir.

Tamm 1.29. [22]

(i) T, ve T, iki t- norm olsun. Eger her x,y € [0,1] i¢cin T;(x,y) < T,(x,y)
esitsizligi saglaniyor ise Ty, T, t- normundan daha zayiftir veya denk olarak T,, T; t-
normundan daha gii¢liidiir denir ve bu durum T; < T, ile gosterilir.

(i) T, <T,veT; # T,iseyani T; < T, ve bir xy,y, € [0,1] i¢in
T (x0, Vo) < Ty(x9,V0) ise, bu durum T; < T, ile gosterilir.

Uyan 1.30. [22]
(i) T,[0,1] birim aralig1 iizerinde bir t-norm olsun.
Bu durumda keyfi T t- normu igin
Tp <T<Ty 4)
esitsizligi saglanir.
(if) Acik¢a T; < Tp oldugundan dort temel t- norm arasinda
Tp <T, <Tp <Ty (5)
bagintis1 vardir.
Tamm 1.31. [26] (L ,A,V,0,1) sinirlt bir kafes ve I lineer sirali indeks kiimesi olsun.
L nin {(a;, b)) };e; L nin ikiser ikiser ayrik alt araliklarmin bir ailesi ve {T 19?1}, araliklari
iizerindeki t- normlarm bir ailesi olsun. T = (< a;, b;, T1%Pi >),¢, : 12 - L ordinal
toplami

T[ai'bi] (x, y) , X,y € [ai; bl]

6
XAy , Aksi Takdirde. ()

T(x,y) ={

ile verilir.



Onerme 1.32. [26] (L ,A,V,0,1) sinirh bir kafes ve (I, <) lineer sirali indeks kiimesi
olsun.
I #+ @ ve {(a;, b;)}ie; L nin ikiser ikiser ayrik alt araliklarinin bir ailesi olsun. Bu takdirde
asagidakiler denktir :
(i) (6) ile taniml1 T: L? — L ordinal toplamu [a;, b; Jiizerinde tanimli TPl keyfi t-
normlar1 i¢in bir t- normdur.
(i) Her x € L ve her i € L igin asagidakiler saglanir.
(@) x, a; ile kiyaslanamaz ise; x, her u € [a;, b;) ile de kiyaslanamazdir.
(b) x, b; ile kiyaslanamaz ise; x, her u € (a;, b;] ile de kiyaslanamazdir
Teorem 1.33. [6] (L,<,0,1) smrh bir kafes ve a € L\{0,1} olsun. V,
[a, 1] iizerinde bir t- norm olmak iizere asagidaki gibi tanimlanan T: L?> — L fonksiyonu L

uizerinde bir t- normdur.

XAy , x=1veyay=1
T(x; y) = { V(X, y) ’ x,y € [a' 1) (7)
xANyAa , Aksitakdirde.

L tizerinde bir t- normdur.
Teorem 1.34. [4] (L,<,0,1) sl bir kafes ve a € L\{0,1} olsun. V
[a, 1] {izerinde bir t- norm ise T: L? — L fonksiyonu L {izerinde bir t- normdur.

xANy , x=1lveyay=1

T(x,y)={V(x,y), x,y €[a,1) (8)
0 ,  Aksi takdirde.

L tizerinde bir t- normdur.



2. YAPILAN CALISMALAR

Bu boliimde sinirli kafeslerin alt araliklari iizerinde tanimli t- normlardan sinirli kafes
lizerinde bir t- norm elde etmek i¢in bir yontem arastirilmistir. Literatiir incelendiginde
[26] numarali kaynakta bir kafesin bir alt aralig1 tizerinde taniml1 bir t- normdan veya alt
araliklar1 lizerinde tanimli t- normlardan kafes iizerinde bir t- norm insa etme problemi
tizerinde duruldugu goriiliir. Fakat oOnerilen yontem her durumda bir t- norm
iiretmemektedir. Bahsi gegen calismada Saminger hangi 6zel kafesler iizerinde bu insanin
bir t- norm irettigini veya alt araliklar tizerinde hangi 6zel t- normlar i¢in metodun bir t-
norm verecegi iizerinde calismistir. Ardindan Ertugrul vd. leri ¢alismasinda (L, <,0,1)
smirh bir kafes a € L olmak tizere [a, 1] alt arali1 iizerinde tanimli t- normu, ek bir sart
olmaksizin L iizerine genisletmek icin bir metot vermislerdir. Literatiirde Ertugrul vd.
lerinin verdigi yontemin modife edilmis bir insast daha mevcuttur [4]. Ertugrul ve
digerlerinin ¢alismast goz Oniine alindiginda bu ¢alismada [a, 1] araligindaki V' t- normu
bir T t- normuna genisletilmistir. Bu yontemden yola ¢ikilarak T;, [0, a] lizerinde bir t-
norm T,, [a, 1] lzerinde birer t- norm iken L tizerinde T; ve T, t- normlar1 yardimiyla
hicbir ek sarta gerek olmaksizin T t- normu elde edilebilir mi problemi arastirilmistir.
Ardindan daha genel olarak (L, <,0,1) sinirh bir kafes 0 = a, < a,_1 < <a; <ap =
1 ve T;ler [a;,a;—1] (1 <i<n)olmak lizere L tizerinde T; lerden bir t- norm insasi
verilmistir.

Teorem 2.1. (L,<,0,1) smnrh bir kafes, 0 = a, < a; < ay, = 1 olacak sekilde
ag,a4,a, € L igin T; ve T, sirastyla L nin [a;,a,] Ve [a,, a1] alt araliklari {izerinde tanimli

iki t- norm olsun. Bu takdirde, asagida verilen T:L? - L fonksiyonu L iizerinde bir t-

normdur.
Ti(x,y) ) (x,y) € [ay,a0)*
T>(x,y) ) (x,y) € [az,a;)*
T(x,y) = XAy . (x,y) € lag,a1) X [ag,a0) U [ayg,ap) X [az, ay) 9)
l ULx{1Ju{1}xL
T,(xNaj,yAay) Aksi Takdirde.
Ispat : i) Monotonluk: x,y € Lve her z€ Ligin x <y olacak sekilde

T(x,z) < T(y, z) oldugu gosterilmelidir. Ispatta x, y, z elemanlarmin tiim olas1 durumlar

asagida maddeler halinde verilmistir.
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1. X € [a,, ay) olsun.
1.1.y€ [a, aq)
1.1.1. z € [ay,aq)

T(x,z) =T,(x,2) < T,(y,z) =T(y,2)
1.1.2.z€ [a4,aq)

Tx,z)=xANz<yANz=T(y,2)
113.z€l,,

T(x,z) =T,(xANay,zNay) <T,(yAa,zANay) =T(y,z)
114. z=1

Tx,z)=xAN1<yA1=T(,2)
1.2.y € [aq,a9)
1.21.z2€ [ay aq)

T(x,z) =T,(x,z) SyANz=T(y,2)
1.2.2.2€ [a;1,a9)

Tx,z) =xNz<T(y,2) =T(y,2)
123.z€l,,

T(x,z) =T,(xANay,zNay) <T,(yAa,zNay) =T(y,2z)
124. z=1

T(x,z) =xAN1<yA1=T(y,2)
13.yel,,
13.1.z€ [ay a4q)

T(x,z) =T,(x,z) <To,(yANa,zAay) =T(y,2)
1.3.2.2€ [a4,a9)

Tx,z) =xNz<T,(yANa;,zAa,) =T(y,z)
1.33.2€ Iy,

T(x,z) =T,(xANa,zNay) <T,(yANay,zANay) =T(y,z)
134. z=1

Tx,z)=xAN1<yAl1=T(,2)
ldy=1
14.1.2€ [ay aq)

T(x,z) =Ty(x,2) <1Az=T(y,2)
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1.4.2.2 € [a4,aq)
Tx,z)=xNz<1Az=T(y,z)
143.2€ 1y,
T(x,z) =T,(xANay,zANa)) <1Az=T(y,z)
144. z=1
Tx,z)=xAN1<1A1=T(yz)
2. X € [aq, ap) olsun.
21.y € [aq,ap)
211.z€ [ay aq)
Tx,z)=xANz<yANz=T(,2)
2.12.2€ [a4,a9)
T(x,z) =Ty(x,2) <T1(y,2) =T(y,2)
213.z€l,,
T(x,z) =T,(xANay,zNay) <T,(yAa,zNay) =T(y,z)
214. z=1
Tx,z)=xAN1<yA1=T(,2)
22. y=1
221.2€ [ay aq)
T(x,z) =xNz<1Az=T(y,z)
2.2.2.2€ [aq,a9)
Tx,z) =Ty (x,2) <1ANz=T(y,2)
223.2€ 1,
T(x,z) =T,(xANay,zANa)) <1Az=T(y,z)
224. z=1
T(x,z) =xAN1<1A1=T(y,z2)
3. X € I olsun.
3.1.y€ a4, ap)
311.z€ [a, aq)
T(x,z) =T,(xANay,zNay)) <yAz=T(y,z)
3.1.2.z€ [aq,ap)
T(x,z) =T,(xNay,zNa) <Ty(y,2z) =T(y,2)
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313.z€l,,

T(x,z) =T,(xANay,zNay) <T,(yAay,zNay) =T(y,z)
314. z=1

Tx,z)=xAN1<yA1=T(y,2)
32.y€el,,
3.21.z€ [a, aq)

T(x,z) =T,(xANay,zNay) <T,(yAa,zNay) =T(y,z)
3.2.2.2€ [aq,ap)

T(x,z) =T,(xANay,zNay) <T,(yANa,zNay) =T(y,z)

323.z€1,,

T(x,z) =T,(xNay,zNay) <T,(yANay,zNay) =T(y,z)
324. z=1

Tx,z)=xAN1<yA1=T(,2)
33. y=1

3.3.1.z €a, ay)

T(x,z) =T,(xANay,zANa)) <1Az=T(y,z)
3.3.2.z € [aq,ap)

T(x,z) =T,(xANay,zANa)) <1Az=T(y,z)
333.z€l,,

T(x,z) =T,(xANay,zANa)) <1Az=T(y,z)
334.z=1

Tx,z)=xAN1<1A1=T(yz)
4. x = 1olsun.

Bu durumda x < y oldugundan y = 1 olur. Bu durum agiktir. O halde T fonksiyonu

monotondur.

ii) Asosyatiflik: Her x,y,z€L igin T(x,T(y,2))=T(T(x,y),2z) esitliginin
saglandig1 gosterilmelidir. x,y,z € L nin en az birinin 1 olmas1 durumunda ispat agiktir.
Ispatta x, y, z elemanlarmin tiim olas1 durumlar1 asagida maddeler halinde verilmistir.

1. X € [a,, ay) olsun.

1.1.y€ [a,,aq)
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11.1.z€[ay a,)

T(x,T(.2) = T(x,T,(0,2) = T,(x, T;(y,2)) = To(Tz(x,), 2)
=T (Tz(x,¥),2) = T(T(x,y),2)

1.1.2.2€ [a4,a9)

T(x,T(y,z)) =T,yAnz) =T, y) =Ty (x,y) =T,(x,y) Az
=T (T:(x,¥),2) = T(T(x,y),2)

113.z€ 1,

T(x, T(y, z)) =T, T,(yANa,zAay)) =T,(x Aay, To(yAaq,z A ay))
=T,(To(x,y) Na,zANay) = T,(T,(x,y),z A a,)
=T(T:(x,y),2) = T(T(x,y),2)

1.2.y € [aq,ap)
1.21.z€[ay aq)

T(x,T(y, z)) =T, yAz)=T(x,z) =Ty(x,2) =T(x,2)
=T(xAyz)=T(T(x,y),z)

1.2.2.2€ [a4,a9)

T(x,T(y,z)) = T(x,Tl(y,z)) =xATy(y,z2) =x=xAz=T(x,z2)
=T(xAy2z)=T(T(x,y),2)

123.2€ 1,

T(x, T(y, Z)) =T, To,(yANa,zAay)) =T,(x Aay, To(yAaq,z A ay))
=T,(xNa,zANa;) =T(x,z)
=T(xAy,z)= T(T(x,y),2)

13.y€el,,
13.1.z€[ay aq)

T(x, T (y, Z)) =T, T,(yNa,zANay)) =T,(x Aay, To(yAaq,z A ay))
=Ty (To,(x Aa,yANay),zAay)
=T(T,(xANay,yANay),z) = T(T(x,y),2)

1.3.2.2€ [a4,a9)

T(x, T(y, z)) =T, Ty,(yANa,zAay)) =T,(xAay, To(yAaq,z A ay))
=T,(xNay,yAha) =T,(xANay,yAa)) Az
= T(Ty(xNay,yNay),z) = T(T(x,y),z)
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1.33.2€ Iy,

T(x, T(y, z)) =T, T,(yANay,zAay)) =T,(x Aay, To(y Aaq,z Aay))
=T,(To(x Nay,yANay),zAay)
=T(T,(xAay,yANay),z) = T(T(x,y),2)

2. x € [aq,ay) olsun.
21.y€ [ay, aq)
211.z€ [ay aq)

T(x,T(y,2)) = T(x,T,(y,2)) = T,(y,2) Ax = T,(y,2)=T(y.2)
=T(xAyz)=T(T(x,y),2z)

212.2€ [aq,a9)

T(x,T(y,z)) =T,yAz)=Tx,y) =xAy=y=yAz=T1(Y,2)
=T(xAyz)=T(T(x,y),2z)

213.z€1,,

T(x,T(y,z)) =T, To,(yANa,zAay)) =xAT,(yAa,zAay) =
=T,(yNa,zNay) =T(y,2)
=T(xAyz)=T(T(x,y),2z)

2.2.Y € [aq,ap)
22.1.2€ [ay a,)

T(x,T(y,z)) =T, yANz)=T(x,z) =xNz=12
=T, y) Az =TT (x,y),2) =T(T(x,y),z)

2.2.2.2€ [aq,a9)

T(x,T(y,2) =T(x,T1(y,2)) = Ty (x, T;(¥,2)) = To(T1 (x,¥), 2)
=T(Ti(x,y),2) = T(T(x,y),2)

223.z€ I,

T(x,T(y,z)) =T, T,(yNa,zANay)) =xAT,(yANa,zAay) =
=zANa, =T,(Ty(x,y)Nay,z AN ay)
=T(T1(x,y),2) = T(T(x,y),2)

23. Y€l
23.1.z€ [ay aq)
T(x,T(y,z)) =T, T,(yANay,zANay)) =xAT,(yAa,zAay)

=Ty(To(x Aay,y Aag),z A ay)
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=T(Ty(x Aay,y Aay)2)=T(T(x,y),2)
2.3.2.2€ [aq,aq)
T(x,T(y,z)) =T, T,(yANay,zANay)) =xAT,(yAa,zAay)
= zAT,(yAa;,zAa,)
=T(Ty(x Aay,y Aay)2)=T(T(x,y),2)
233.2€ 1,
T(x,T(y,z)) =T, T,(yANay,zANay)) =xAT,(yAa,zAay)
=T, (Ty(x ANay,yANay),zAaq)
=T(T:(xAay,y Aay),2)=T(T(x,y),2)
3. X € I, olsun.
3.1.y€[ay a)
3.11.z€ [ay ay)
T(x,T(y, z)) =T(x,Ty(y,2) =Ty (x Aay, Ty (y,2))
=T,(Ty(x Nay,yANay),zAay)
=T(T(x Aay,y Aa) D)= T(T(x,9),2)
3.12.z€ [aq,a9)
T(x, T(y, z)) =Tx,yAz)=T(x,y) =T,(xAa,y Aay)
= T,(xANa,yAa) Az
=T(T;(x Aay,y Aay),z)=T(T(x,y),2)
313.z€l,,
T(x, T(y, Z)) =T, Ty,(yANa,zAay)) =T,(x Aay, To(yAaq,z A ay))
=T,(Ty(x Aay,yANay),zAay)
=T(T:(xANay,y Nay)z) =T(T(x,y),2)
3.2.y € [aq,ap)
321.z€ [a, aq)
T(x, T(y, z)) =T, yANz)=T(x,z)= T,(x Nay,zAa,)
=Ty (Ty(x ANay,y Nay),zAaq)
=T(T,(xANay,yNay),z) =T(T(x,y),2)
3.22.2€ [aq,a9)
T(x, T(y, z)) = T(x, T, (y, z)) =T, (xNa, Ty(y,2)ANay) =xANa,y
=T, (xANa,yANay)
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=T(Ty(x Aay,y Aay)2)= T(T(x,y),2)
323.2€l,,
T(x,T(y,2) =T T,(yAay,zAay)) =To(x Aay, To(y Aay, z A ay))
=T, (To(xANay,yNaq),zAay)
=T(Ty(x Aay,y Aay)2)=T(T(x,y),2)
33.yE Iy,
331.z€ [a, aq)
T(x, T(y, z)) =T, T,(yANay,zAay)) = To(xnay, To(yAaq,zAay))
=Ty,(T,(x Aa;,yAhay),zAay)
=T(T2(x Aay,y ANay),2)=T(T(x,y),2)
3.3.2.2€ [aq,a9)
T(x, T(y, z)) =T, To,(yANa,zAay)) =T,(xAay, To(yAay,z Aay))
=T,(To(xANay,yANay),zAay)
=T(Ty(xAay,y Aay)2)= T(T(x,y),2)
333.2€1,,
T(x,T(,2) =TxT,(yAay,zAay)) = To(x Aay, T,(y Aay, z Aay))
=T,(To(xNay,yNay),zAay)
=T(Ty(xANay,y Aay)2)= T(T(x,y),2)
T nin komutatifligi ve 1 in T nin birim eleman1 oldugu agiktir.

T, ve T, yardimiyla elde edilen T t- normu asagidaki gibi sematize edilebilir.

5 T,(2)
—
XAy T
S T (+2)
T, XAy
0 aq 1 Iy,

Sekil 2.1. T t- normu



17

Yukaridaki sekilde (*,) = (x Aay,yAa;) i ifade etmektedir. Calismanin bundan
sonraki kisminda da (*,,) = (x Aa,_1,y A a,_,) i ifade edecektir.
Uyar 2.2.
(1) (9) formiilii ile verilen inga yontemi (6) formiilii ile verilen insa yonteminden
farklidir (Bakiniz Ornek 2.6). Dahasi (6) formiilii her kafes iizerinde bir t- norm
iiretmez (Bakiniz Uyar1 2.4).

(i) (9) formiilii ile verilen inga yonteminde T, = T, olarak segilirse

XAy , x=1veyay =1
T(x,y) = Tl(x'Y) ’ XYy € [a1; 1)
xANyAa, , AksiTakdirde.

elde edilir ve bu durumda (7) formiilii ile cakisir. Fakat T, # T, olmasi durumunda esit
olmalar1 gerekmez (Bakiniz Uyari 2.5). Boylece (9) formiilii ile verilen ingsa metodunun (7)
ile verilen ingsa metodundan ¢ok daha genel bir yontem oldugu sonucuna ulagilir.

(i) (9) formiili ile verilen insa yontemi (8) ile verilen insa yonteminden farklidir
(Bakimz Ornek 2.6).

(iv)  (9) formiilinde T, = Tp, [a,, a;) X [ai,ap) VU [aq,aq) X [a,, ay) lizerinde O
aliirsa (9) formiilii yine bir t- norm iiretir ve (8) formiilii ile cakisir.

(v) I, = @ ise (9) formiilii ile iiretilen T t- normu, (6) formiilii ile tiretilen T t-
normu ile ¢akisir. Boylece (9) ile verilen insa yonteminin (6) ile verilen insa
yonteminden daha genel oldugu anlagilir.

Teorem 2.1. in bir uygulamasi olarak asagidaki drnek verilebilir.

Ornek 2.3. (L, <,0,1) sinirh kafesi asagidaki gibi verilsin.

F\
NN
N\
\/

Sekil 2.2. Kafes diyagrami
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Kafes diyagramindan go6zlenecegi ilizere 0 =a, <a; =c<ay=1 dir. [0,c]
tizerinde T, = Tp, [c, 1] lizerinde T; = T, alinirsa Teorem 2.1. yardimiyla L {izerinde bir T

t- normu asagidaki sekilde elde edilir.

Tablo 1. T t- normu

T|10 a b ¢ d e f g 1

Uyar 2.4. Ornek 2.3 de verilen L sinirli kafesi géz oniine alinsin. (6) formiilii gz

Oniine alinarak elde edilen Ty operatorii asagida verilmistir.

Tablo 2. T, operatorii

T¢e|lO a b ¢ d e f g 1

ofo o o O O O o o0 O
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Fakat 0 = Tg(b,b) = To(b, Ts(c, 9)) # Te(Te(b, ¢), g) = Ts(b,g) = b oldugundan T, L
tizerinde bir t- norm degildir.
Uyan 2.5. Ornek 2.3 de verilen L smirh kafesi goz oniine almsin. (7) formiilii

kullanilarak T, t- normu asagidaki sekilde elde edilir.

Tablo 3. T, t- normu

T, {0 a b ¢ d e f g 1

ofo o o0 O O O o o0 o

b=T,(g,9) #T(g,9) = 0 oldugundan T, # T dir. Uyar1 2.2 de belirtildigi gibi
T, =T, segilirse T, =T elde edilir. Bu 6rnek genelde (9) formiiliiniin (7) formiilii ile aym
t- normu tiretmedigini ve dahasi (9) formiiliiniin ¢ok daha genel oldugunu gosterir.

Asagidaki 6rnek, Onerme 1.32 ile ifade edilen sartlar1 saglayan kafesler de dahi (6)
ile Uretilen T t- normunun ve (8) formiilii ile tiretilen Tg t- normunun (9) formiilii ile elde
edilen T t- normuna her zaman esit olmadigina bir 6rnektir.

Ornek 2.6. Kafes diyagrami asagidaki gibi olan (L, <,0,1) smirli kafesi gz éniine

alinsin.
1

\d
\c
/

a \b
NP

0
Sekil 2.3. (L, <,0,1) kafes diyagrami

e
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[0, c] tizerinde T, = Tp t- normu, [c, 1] iizerinde T; = T, t- normu alinsin. Agikca
L sinirh kafesi [26] ¢alismasinda verilen insa metodunun bir t- norm tiretmesi igin gerekli

sartlar1 saglamaktadir (Bakiniz Onerme 1.32). (6) ile iiretilen T, t- normu asagidaki

sekilde elde edilir.

Tablo 4. T, t- norm

T¢ |0 a b ¢ d e 1

0o |0 0 0 O O o0 o

Teorem 2.1. ile elde edilen T t- normu asagidaki sekilde elde edilir.

Tablo 5. T t- normu

T|0 a b ¢ d e 1

T(e,e) =0+e =T, (e,e) olup T # T, dir. Boylece T ve Tg nin genelde esit
olmak zorunda olmayabilecegi anlasilir. (8) ile verilen insa yontemi ile elde edilen t- norm

asagidaki gibidir.
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Tablo 6. Tg t- normu

Tg | O b ¢ d e 1
0 0 0O 0 0O o0 O
a 0 0O 0O O O a
b 0 0O 0 0O 0 b
o 0 0 c c 0 ¢
d 0 0O ¢c d o0 d
e 0 0O 0O O 0 e
1 0 b ¢ d e 1

0=Tg (b,c) # T(b,c) = b dir. Dolayisiyla, Tg # T dir. Boylece genelde Tg ile T

nin esit olmayabilecegi goriiliir.

Teorem 2.1 g6z Oniline alinirsa L nin alt araliklarinin sayisi arttirildiginda bu metot

genisletilebilir mi diistincesinden yola ¢ikarak sirasiyla [aq, agl, [a,, a1], [as, a,] tizerinde

tanmimli T; , T, ve T3 t- normlar1 yardimiyla L iizerinde bir t- norm elde etmek i¢in asagidaki

teorem verilir.

Teorem 2.7. (L,<,0,1) sinirh bir kafes, 0 = a3 < a, < a; < ay = 1 olacak sekilde

ag,a4,0Qy,a3 € L igin Ty , T, ve Ty sirasiyla L nin [a;,a,0] , [ay,a;] Ve [a3,a,] alt araliklart

lizerinde tamimli {i¢ t- norm olsun. Bu takdirde, asagida verilen T : L? —» L fonksiyonu

L iizerinde bir t- normdur.

( Ti(x,y)
T, (x,y)

T3(X, y)
Tz(x N a;,y A al)

T(x,y) =1«
(x,y) XAy

\T3(x ANay,y Aay)

)

)

)

(x,y) € [a1,a0)?
(x,y) € [az,a;)?
(x,y) € [az, az)?

(x,y) € I, X [az,a9) U lay, ap) X1, Ul X1,

(x,

y) € [ay, a) X [az, a;) U [as, ay) X [ay, a,)
Ulay, ap) X [az, a;) U [as, a;) X [ag,a,)
ULX{1}JU{1} xL
Aksi Takdirde.

Ispat : i) Monotonluk: x,y € L ve her z € L icin x <y olacak sekilde T(x,z) <

T(y,z) oldugu gosterilmelidir. Ispatta x,y,z elemanlarinin tiim olas1 durumlar1 asagida

maddeler halinde verilmistir.
1. x € [a3, ay) olsun.

1.1. y € [a3, az)



1.1.1.

1.1.2.

1.1.3.

1.14.

1.1.5.

1.1.6.

1.1.7.
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z € [az, az)

T(x,z) =T3(x,2) <T3(y,2) =T(y,2)
zZ € [ay a;p)
Tx,z)=xANz<yANz=T(y,2)

z € [aq,ap)
Tx,z)=xANz<yAz=T(y2)

z €y,

T(x,z) =Tz;(xNaz,zNay) <Ts(yAay,zAay) =T(y,2z)
z €1,

T(x,z) =Tz;(xNaz,zNay) <Ts(yAay,zAay) =T(y,2z)
Z€ly q,

T(x,z) =Tz;(xNaz,zNay) <Ts(yAay,zAay) =T(y,z)
z=1

Tx,z) =xAN1<yA1=T(y2)

1.2.y€ [a, aq)

1.2.1.

1.2.2.

1.2.3.

1.2.4.

1.2.5.

1.2.6.

1.2.7.

z € [az, az)
T(x,z) =T5(x,2) <yANz=T(y,2z)
z € |ay ay)

T(x,z) =xNz<T,(y,2z) =T(y,2)

Z € [al,ao)
Tx,z)=xANz<yANz=T(,2)
zZ €l

T(x,z) =Tz;(xNaz,zANay) <T,(yAa,zAay) =T(y,2)
z €1,

T(x,z) =Tzs(xNaz,zNay) < T;(yNay,zAay) =T(y,2)
zZ€lg q,

T(x,z) =Ts(xNay,zANay) < T;(yNay,zAay) =T(y,2)
z=1

Tx,z2) =xAN1<yA1=T(y,2)

1.3.y € [aq,ap)

1.3.1.

z € [as, az)

T(x,z) =T3(x,z) <yANz=T(y,2)
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1.3.2.z € [a,, aq)

Tx,z)=xANz<yANz=T(y,2)
1.33.z € [aq,ap)

Tx,z)=xNz<Ty(y,z) =T(y,2)
134. z €y,

T(x,z) =Ts(xNazzAay) <T,(yANa,zANa,) =T(y,z)
1.35. z € I,

T(x,z) =Ts(xNazzAay) Tz:(yANaz,zAay) =T(y,2)
136.z€ 14,4,

T(x,z) =T;(xANaz,zNay) <Tz;:(yAaz,zAay) =T(y,z)
137.z=1

Tx,z2)=xAN1<yA1=T(y,2)
la.yel,,
14.1.z2€ [asz a;)

T(x,z) =T3(x,z) <Ts(yANay,zAay) =T(y,z)
1.4.2.z € [ay a;)

Tx,z)=xNz<T,(yANay,zANay) =T(y,2)
1.43.z € [aq,ap)

Tx,z) =xNz<T,(yANa;,zAa,) =T(y,z)
14.4. z€l,,

T(x,z) =T;(xANay,zNay) <T,(yAa,zAay) =T(y,2)
145. z €,

T(x,z) =Tz;(xNaz,zANay) < T;(yNay,zAay) =T(y,2)
146.z€ 1, 4,

T(x,z) =T;(xANay,zANay) <Ts(yANaz,zAay) =T(y,z)
147.z=1

Tx,z)=xAN1<yA1=T(,2)
15.y€l,,
15.1. z € [a3,a,)

T(x,z) =T5(x,z) <T3(yANay,zAay) =T(y,z)
15.2.z €lay a;)

T(x,z) =xNz<Tz;(yANazzAay)=T(y,2)
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1.53.z €[aq,ap)
T(x,z) =xNz<Tz;(yANazzAay)=T(y,2)
15.4. z€ I,
T(x,z) =Tz;(xNaz,zNay) <Ts(yAay,zAay) =T(y,z)
155. z € I,,
T(x,z) =Tz;(xNaz,zNay) <Ts(yAay,zAay) =T(y,z)
156.z €Iy, q,
T(x,z) =T3(xNay,zANay) <T;(yANay,zAay) =T(y,2)
157.z=1
T(x,z) =xAN1<yA1=T(y,2)
16.y€ Iy, q,
16.1.z € [as, a,)
T(x,z) =Ts(x,z) <Ts(yANay,zAay) =T(y,z)
1.6.2.z € [ay,a;)
T(x,z) =xNz<T3(yANazzAay)=T(y,z)
1.6.3.z € [a4,a9)
T(x,z) =xNz<T3(yANazzAay)=T(y,z)
16.4. z€ I,
T(x,z) =Tzs(xNay,zNay) <T;(yNay,zAay) =T(y,2)
165 z€l,,
T(x,z) =T3(xNaz,zANay) < T;(yNaz,zAay) =T(y,2)
16.6.z€1, 4,
T(x,z) =T3(xANay,zANay) <Ts(yANaz zAay) =T(y,z)
16.7.z=1
T(x,z) =xAN1<yA1=T(y,2)
17.y=1
1.7.1. z € [as, ay)
T(x,z) =T3(x,2) <1Az=T(y,2)
1.7.2.z € [ay, a;)
Tx,z2)=xNz<1Az=T(y,z)
1.7.3.z € [aq,ay)
Tx,z)=xNz<1Az=T(y,2z)
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1.74. z€ I,
T(x,z) =Tz;(xNaz,zANay,) <1Az=T(y,z)
1.75. z € I,
T(x,z) =T3(xANayzAay) <1Az=T(y,z)
1.76.z €1y, 4,
T(x,z) =T3(xANay,zANay) <1Az=T(y, z2)
177.z=1
T(x,z) =xAN1<1A1 =T(y,2)
2. x € [ay,aq) olsun.
21.y € [ay,aq)
21.1.z € [az, a;)
T(x,z) =xNz<yAnz=T(y,2z)
212.z €lay a;)
T(x,z) =Ty,(x,2) <T,(y,2) =T(y,2)
2.13.z €[aq,ap)
Tx,z)=xANz<yANz=T(,2)
214. z€l,,
Tx,z) =T,(xNay,zNay) <T,(yANay,zANay) =T(y,2)
215. z €1,
T(x,z) =Ts(xANay,zNa,) <T;(yAaz,zAay) =T(y,2z)
216.z€1y, 4,
T(x,z) =T3(xNaz,zANay) < Ts(yNaz,zAay) =T(y,2)
217.z=1
T(x,z) =xAN1<yA1=T(y,2)
2.2.z € [aq,ap)
2.2.1.z € [a3,a,)
Tx,z)=xNz<yANz=T(y,2)
2.2.2.7 € [ay,aq)
T(x,z) =T,(x,z2) <yANz=T(y,2)
2.2.3.z € [aq,ap)
Tx,z) =xNz<T(y,2) =T(y,2)
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224. z€ 1,
T(x,z) =T,(xNa,zANay) <T,(yANa,zAay) =T(y,z)
225. z €1,
T(x,z) =T3(xNay,zANay) <T;(yANay,zAay) =T(y,2)
226.z€ 1, 4,
T(x,z) =T3(xNay,zANay) <T;(yANay,zAay) =T(y,2)
227.z=1
Tx,z2)=xAN1<yAl1=T(,2z)
23. Y€,
2.3.1.z€ [a3,ay)
T(x,z) =xNz<T3(yANazzAay) =T(y,z)
2.3.2.2€ [ay aq)
T(x,z) =Ty(x,z) <T,(yANa,zNa,) =T(y,2)
2.3.3.2€ [aq,a9)
Tx,z)=xNz<T,(yANa,zANay) =T(y,2)
2.3.4. z € gy,
Tx,z) =T,(xNay,zNay) <T,(YyANay,zANay) =T(y,2)
2.3.5. Z € g,
T(x,z) =Ts(xANay,zNa,) <T;(yAay,zAay) =T(y,2)
236.z€1, 4,
T(x,z) =T3(xANay,zANay) <Ts(yANazzAay) =T(y,z)
237.z=1
Tx,z)=xAN1<yA1=T(,2)
24.y=1
24.1.2€ [a3,a,)
Tx,z2)=xNz<1Az=T(y,z)
24.2.2€ [ay a4q)
T(x,z) =Ty(x,2) <1Az=T(y,2)
24.3.2€ [aq,a9)
Tx,z)=xNz<1Az=T(y,z)
24.4. z €y,

T(x,z) =T,(xNay,zANa) <1Az=T(y,2)
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245. z €1,
T(x,z) =Ts(xANay,zNa,) <1Az=T(y,z)
246.z €1, 4,
T(x,z) =T3(xANay,zANay) <1Az=T(y,2)
247.z=1
Tx,z) =xAN1<1A1=T(y,2)
3. x € [a;, ap) olsun.
3.1.y € [ay,aq)
3.11.z € [az, a;)
Tx,z)=xANz<yANz=T(,2)
312.z€ [a, aq)
Tx,z)=xANz<yANz=T(,2)
3.13.z€ [aq,a9)
T(x,z) =Ty(x,2) <T1(y,2) =T(y,2)
314. z€l,,
Tx,z) =T,(xNa,zNa) <T,(yAay,zAay) =T(y,2)
315 z€l,
T(x,z) =Ts;(xANay,zNa,) <T;(yAay,zAay) =T(y,2z)
316.z€1, 4,
T(x,z) =Ts(xNaz,zANay) < T;(yNay,zAay) =T(y,2)
317.z=1
T(x,z) =xAN1<yA1=T(y,2)
32.y=1
3.21.z€ [a3, a,)
Tx,z)=xANz<1Az=T(y,z)
3.22.z2€ [ay aq)
Tx,z)=xANz<1Az=T(y,z)
3.23.2€ [aq,a9)
T(x,z) =Ti(x,2) <1Az=T(,2)
324. z€l,,

T(x,z) =T,(xNay,zANay) <1Az=T(y,2)
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325 z€l,

T(x,z) =Ts(xANay,zNa,) <1Az=T(y,z)
326.z€1,, 4,

T(x,z) =T3(xANay,zANay) <1Az=T(y,2)
327.z=1

Tx,z) =xAN1<1A1=T(y,2)
4. x € I, olsun.
41.y € [aq,aq)
41.1.z€ [a3,a;)

T(x,z) =Tzs(xANay,zNay,) <yAz=T(y,z)
412.2€ [a,, a;)

T(x,z) =T,(xANay,zANa)) <yAz=T(y,z)
413.z€ [aq,a9)

T(x,z) =T,(xANay,zNa) <Ty(y,z) =T(y,2)
4.14. z€l,,

T(x,z) =T,(xNa,zANay) <T,(yANay,zAay) =T(y, z)
415. z€l,,

T(x,z) =Ts;(xANay,zNa,) <T;(yAay,zAay) =T(y,2)
416.z€ 1y, q,

T(x,z) =T3(xNaz,zANay) < Ts(yNaz,zAay) =T(y,2)
417.z=1

T(x,z) =xAN1<yA1=T(y,2)
42.y€ Iy,
421.2€ [as, a,)

T(x,z) =T;(xANay,zNay) <T;(yANay,zAay) =T(y,2)
4.2.2.2€ [ay ay)

Tx,z) =T,(xNay,zNa) <T,(yAay,zAay) =T(y,2)
4.23.2€ [aq,ap)

T(x,z) =T,(xNay,zANay)) <T,(yANay,zANay) =Ty, 2)

424. z € 1y,

T(x,z) =Ty(xNa,zANa)) <T,(yANay,zAa,) =T(y,2)
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4.25. z €1,
T(x,z) =T3(xNay,zANay) <T;(yANay,zAay) =T(y,2z)
42.6.z€ 1, q,
T(x,z) =T3(xNay,zANay) <T;(yANay,zAay) =T(y,2)
427.z=1
Tx,z)=xAN1<yA1=T(,2)
43. y=1
43.1.z€ [a3, a,)
T(x,z) =Tz;(xANa,zANa,)) <1Az=T(y,2)432.Z€ [a,,ay)
T(x,z) =T,(xNa,zANa) <1Az=T(y,2)
4.33.2€ [aq,ap)
T(x,z) =T,(xANay,zANa)) <1Az=T(y,z)
43.4. z €Iy,
T(x,z) =T,(xNa;,zNa) <1Az=T(y,2)
4.35. z€1,,
T(x,z) =T3(xNaz,zNay) <1Az=T(y,z)
43.6.z€ 1, q,
T(x,z) =T3(xANay,zNay) <1Az=T(y,z)
437.z=1
T(x,z) =xAN1<1A1=T(y,2)
5. x € Ig,0lsun
51.y € [ay, a;)
51.1.z€ [a3, a;)
T(x,z) =Tz3(xNay,zNay,) <yAz=T(y,z)
51.2.z€ [ay ay)
T(x,z) =T;(xANaz,zNay) <T,(y,2z) =T(y,2)
513.z€ [a;y,a9)
T(x,z) =Ts;(xANaz,zANay,) <yAz=T(y,z)
5.1.4. z € I,
T(x,z) =Ts(xNay,zAay) <T,(yANay,zAay) =T(y,2)
5.15. z €I,

T(x,z) =Tz(xNaz,zAay) <Ts(yANazzAay) =T(y,z)
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516.z€ 1y, 4,

T(x,z) =T3(xANay,zANay) <Tzs(yANazzAay) =T(y,z)
517.z=1

Tx,z)=xAN1<yA1=T(,2)
5.2.y € [aq,ap)
521.z€ a3 a,)

T(x,z) =T;(xNaz,zNay,) <yAz=T(y, z)
522.2€[ay aq)

T(x,z) =Tz;(xNaz,zANay,) <yAz=T(y, z)
5.23.2€ [a4,a9)

T(x,z) =T3(xNay,zAay) <Ty(y,2) =T(y,2)
5.24. z € Iy,

T(x,z) =T3(xNay,zAay) <T,(yANa,zAa,) =T(y,2)
525 z€l,,

T(x,z) =T3(xNay,zANay) <T;(yANay,zAay) =T(y,2)
526.z€ 1, q,

T(x,z) =Ts(xNazzAay) STz:(yNazzAay) =T(y,2)
527.z=1

Tx,z) =xAN1<yA1=T(,2)
9.3.y €Iy,
53.1.z€ [a3,a;)

T(x,z) =Ts(xNaz,zANay) < T;(yNay,zAay) =T(y,2)
53.2.z€ [ay, aq)

T(x,z) =T3(xANay,zANay) <T,(yAha,zAay) =T(y,2)
5.33.z€ [aq,a9)

T(x,z) =Ts(xANay,zANay) <T,(yAa,zAay) =T(y,2)
534. z€l,,

T(x,z) =Ts(xNay,zAay) £ T,(yANay,zAay) =T(y,2)
5.3.5. z € I,

T(x,z) =Ts(xNazzAhay) Tz:(yANazzAay) =T(y,2)
536.z€ 1, 4,

T(x,z) =Ts(xNazzAay) Tz:(yANaz,zAay) =T(y,z)
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537.z=1

Tx,z)=xAN1<yA1=T(,2)
SAyel,,
54.1.z€ [a3,a,)

T(x,z) =Ts(xNazzAay) Tz:(yANaz,zAay) =T(y,2)
542.2€ [ay aq)

T(x,z) =Ts(xNazzAay) Tz:(yANaz,zAay) =T(y,2)
543.2€ [aq,aq)

T(x,z) =T;(xANaz,zANay) <Ts(yAaz,zAay) =T(y,z)
544. z€l,,

T(x,z) =T3(xANayzANay) <Ts(yAayzAay) =T(y,z)
545 z€l,,

T(x,z) =T3(xANaz,zAay) <Ts(yANazzAay) =T(y,z)
546.z€ 1, q,

T(x,z) =T3(xNaz,zNay) <Tz;:(yANaz,zAay) =T(y,z)
547.z=1

Tx,z2)=xAN1<yA1=T(,2)
95.YE Iy, q,
55.1.z€ [a3,a;)

T(x,z) =Ts(xNaz,zANay) < T;(yNay,zAay) =T(y,2)
55.2.z€ [ay, a;)

T(x,z) =Ts(xNaz,zANay) < T;(yNay,zAay) =T(y,2)
55.3.z€ [a4,ap)

T(x,z) =Ts(xNaz,zANay) < T;(yNay,zAay) =T(y,2)
554. z€l,,

T(x,z) =Ts(xNazzAay) Tz:(yNazzAay) =T(y,z)
9.5.5. z €,

T(x,z) =Ts(xNazzAay) Tz:(yANazzAay) =T(y,2)
55.6.2€1,, 4,

T(x,z) =T3(xANay,zANay) <Ts(yANaz zAay) =T(y,z)
557.z=1

Tx,z)=xAN1<yA1=T(,2)
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56.y=1
5.6.1.z€ [a3,a,)

T(x,z) =T;(xANay,zANay) <1Az=T(y,z)
56.2.2€ [ay, aq)

T(x,z) =T;(xANay,zANay) <1Az=T(y,2)
56.3.2€ [a4,a9)

T(x,z) =T;(xANayzANay) <1Az=T(y,2)
5.6.4. z €y,

T(x,z) =T3(xANay,zANay) <1Az=T(y,z)
5.6.5. z€ 1,

T(x,z) =Tz;(xNaz,zANay,) <1Az=T(y,z)
56.6.z€1, 4,

T(x,z) =T3(xANazzAay) <1Az=T(y,z)
56.7.z=1

Tx,z) =xAN1<1A1=T(y,2)
6. x € Iy, g,0lsun.
6.1.y € [a,a0)
6.1.1. z € [a3, a,)

T(x,z) =T;(xNaz,zANay,) <yAz=T(y,z)
6.1.2.2€ [a,, aq)

T(x,z) =Ts(xANay,zNa,) <yANz=T(y,z)
6.1.3.z€ [a4,a9)

T(x,z) =T3(xNay,zAay) <Ty(y,2) =T(y,2)
6.14. z€ I,

T(x,z) =Ts(xNag,zANay) <T,(yANay,zNay) =T (Y, 2)
6.15. z €,

T(x,z) =Ts(xNazzAhay) Tz:(yANazzAay) =T(y,z2)
6.16.z€ I, 4,

T(x,z) =Ts(xNazzAay) Tz:(yANazzAay) =T(y,2)
6.17.z=1

Tx,z)=xAN1<yA1=T(,2)



33

6.2.yel,,
6.2.1.Z € [a3,a,)

T(x,z) =Ts(xNazzAay) STz:(yANaz,zAay) =T(y,2)
6.2.2.Z€ [ay, a4q)

T(x,z) =Ts(xNazzAay) <T,(yANay,zANa,) =T(y,z)
6.2.3.Z € [a4,aq)

T(x,z) =Ts(xNazzAay) <T,(yANa,zANa,) =T(y,z)
6.24. z€l,,

T(x,z) =T3(xANay,zANay) <T,(yAa,zAay) =T(y,2)
6.25. z € Iy,

T(x,z) =Ts(xANay,zNa,) <T;(yAaz,zAay) =T(y,z)
6.26.z€ 1, q,

T(x,z) =T3(xNaz,zNay) <Tz:(yAhNaz,zAay) =T(y,z)
6.27.z=1

T(x,z) =xAN1<yA1=T(y,2)
6.3.YE I, a,
6.3.1.z € [a3,a,)

T(x,z) =T3(xNaz,zANay) < T;(yNay,zAay) =T(y,2)
6.3.2.2€ [a,, aq)

T(x,z) =Ts(xNaz,zANay) < T;(yNay,zAay) =T(y,2)
6.3.3.2€ [aq,a9)

T(x,z) =Ts(xNaz,zANay) < T;(yNay,zAay) =T(y,2)
6.3.4. z € Iy,

T(x,z) =Tzs(xNay,zNay) <T;(yNay,zAay) =T(y,2)
6.3.5. z € I,

T(x,z) =T3(xANay,zANay) <Ts(yANazzAay) =T(y,z)
6.3.6.z€ Iy, q,

T(x,z) =T3(xANay,zANay) <Ts(yANaz zAay) =T(y,z)
6.3.7.z=1

Tx,z)=xAN1<yAl1=T(,2)
64.y=1
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6.4.1.z € [a3,a,)

T(x,z) =T;(xANay,zANay) <1Az=T(y,z)
6.4.2.2€ [a,, aq)

T(x,z) =T;(xANay,zANay) <1Az=T(y,z)
6.4.3.z€ [aq,a9)

T(x,z) =T;(xANayzANay) <1Az=T(y,2)
6.4.4. z € Iy,

T(x,z) =Ts;(xANay,zNa,) <1Az=T(y,z)
6.45. z € I,

T(x,z) =T3(xANay,zANay) <1Az=T(y, z)
6.4.6.z €1y, 4,

T(x,z) =T3(xNaz,zNay) <1Az=T(y,z)
6.47.z=1

Tx,z) =xAN1<1A1=T(y,2)
7. x = 1olsun.
Bu durumda x < yoldugundan y = 1olur. Bu durum agiktir. O halde T fonksiyonu
monotondur.

ii) Asosyatiflik : Her x,y,z€L ic¢in T(x,T(y,2))=T(T(x,y),z) esitliginin
saglandig1 gosterilmelidir. x,y,z € L nin en az birinin 1 olmasi durumunda ispat agiktir.
Ispatta X, Y, Z elemanlarinin tiim olas1 durumlar1 agagida maddeler halinde verilmistir.
1. x € [a3, a,) olsun.

1.1. y € [az,a;)
1.1.1. z € [a3,a,)
T(x,T(y, Z)) =T(x,T3(y,2)) = T3(x, T3(y,2)) = T5(T5(x, ), 2)
=T(T3(x,),2) = T(T(x,y),2)
1.1.2. z € [ay,a;)
T(x,T(y,2)) =T(x,yAz) = T(x,y) = T3(x,y) = Ts(x, y) Az
=T(T3(x,y),2) = T(T(x,y),2)
1.13.z2€ [a1,a9)
T(x,T(y, z)) =T(x,yAz)=T(x7y)
=Tz(x,y) =Ts3(x,y) Az
=T(T3(x,y),2) = T(T(x,y),2)
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1.14.2€ 1y,
T(x, T(y, z)) =T, Ts(yNay,zAay)) =Ts(x, Ts(y Aay,z Aay))
=T3(Tz(x Aaz,y Aay),z)
=T(T3(x,¥),2) = T(T(x,y),2)
1.15.2€ I,
T(x,T(y,2)) = T(x, Ts(y A az,z Aay)) = T5(x, Ts(y A az, z A ay))
=T3(T3(x Nay,y ANay),z)
=T(T3(x,¥),2) = T(T(x,y),2)
1.16.2€ 1, 4,
T(x, T (y, Z)) =T, Ts3(yNay,zNay)) =T;(x, Ts(y Aay,z Aay))
=T3(T3(x ANay,y ANay),z)
=T(T3(x,y),2) = T(T(x,y),2)
12.y € [ay, aq)
1.2.1.z€ [az, ay)
T(x,T(y, Z)) =T(x,ynz) =T(x,z) =Ts(x,z)
=T(xAyz)=T(T(x,y),2)
1.2.2.2€ [ay a4q)
T(x,T(y,z)) =T, T,(y,2)) =xAT,(y,z) =x=xAz=T(x,2)
=T(xAy,2z)=T(T(x,y),2z)
1.2.3.2€ [a4,a9)
T(x, T(y, Z)) =T, yAz)=T(7y)
=xAy=x=xAz=T(x,2)
=T(xAy,2)= T(T(x,y),2)
1.24.2€ 1y,
T(x,T(y,z)) =T, T,(yNa,zANay)) =xAT,(yANa,zAay) = x
=Ts(xNay,zANay) =T(x,z)
=T(xAyz)= T(T(x,y),2)
125.z€el,,
T(x, T(y, z)) =T, Ts(yNay,zNay)) =Ts(x, T3(y Aay, z A ay))
=T3(T3(x Aay,y ANay),z)=Tz(x Aay, z A ay) = T(X,2)
=T(xAy,z) = T(T(x,y),2)
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1.26. z€ 1y, 4,

T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x, T3(y Aay, z A ay))
=T3(T5(xANay,, yAa,),z) =Tz;(x ANay,zAay) = T(X,2)
=T(x ANy, z)=T(T(xy),2)

1.3.y € [a4,ap)
1.3.1.z€ [az, a;)

T(x,T(y,z)) =T, yANz)=T(x,z) =Ts(x,2)
=T(xAy,2) =TT y) 2)

1.3.2.2€ [ay a4)

T(x,T(y,z)) =Tx,yAz)=T(x,z) =xAz=x=T(x,2z)
=T(xAyz)=T(T(x,y),z)

1.3.3.z2€ [a4,a9)

T(x,T(y, z)) = T(x, T, (y, Z)) =xATy(y,2)
=x=xAz=T(x,2)
=T(xAy,2)= T(T(x,y),2)

13.4.2€ 1,

T(x,T(1,2)) =T, To(yAay,zAa)) =xATp,(yAay,zAay) =x
=Ts(xANay,zAay) =T(x,z)
=T(xAy.2) = T(T(x,y),2)

1.35.2€ I,

T(x, T(y, Z)) =T, Ts(yANay,zAay)) =T3(x, Ts5(y Aay, z A ay))
=T3(Ts(x ANay,yNay),z) = (x Aay,zAay) = T(X,2)
=T(xAy,z)=T(T(xy),2)

1.36. z€ 1, 4,

T(x, T(y, Z)) =T, Ts(yNay,zAay)) =T3(x, T3(y Aay, z A ay))
=T3(Ts(x Nay,yANay),z) =Ts(x Aay,z Aay) = T(X,2)
=T(xAy,z) = T(T(x,y),2)

ld. yel,,
14.1.2€ [asz a;)
T(x,T(y,2) = T(x, Ts(y Aaz, 2 Aay)) = Ts(x, Ts(y A az, 2 A a3))

= T3(Tz3(x Aay,y Nay), z)
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=T(T3(xANay,yAay),z) =T(T(x,y),2z)
14.2.2€ [ay a4q)

T(x,T(y,z)) = T(x,Tz(y Aaq,zZ A al)) =xAT,(yAa;,zANa;) =x
=Ts(xANay,yAay) =Tzs(xANay,yAay) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

1.4.3.z€ [a4,ap)

T(x,T(y,2)) =T(x,To(y Aay,zAa)) =xATy(yAay,zAay) = x
=Ts(xNay,yANay) =Tz;(xNaz,yAay) Az
=T(Ts(x ANazpy Aay),z) =T(T(x,y),2)

144.2€1,,

T(x,T(y,2)) =T(x,To(yAay,zAa)) =xATo(yAay,zAay) =x
=Ts(xNayzhay) =T;(Ts(xANay,,yAay),zAa,)
=T(T3(xANay,yAay),z) = T(T(x,y),2)

145.z¢€1,,

T(x,T(y,2)) =T(x,Ts(y Aaz,z A ay)) = Ts(x, Ts(y Aay, z A ay))
=T3(Tz(x Naz,y Aay),zAay)
=T(T3(xANay,yAay),z) = T(T(x,y),2)

1.46. z€ 1, 4,

T(x, T(y, Z)) =T, Ts(yANay,zAay)) =Ts(x, Ts(y Aay, z A ay))
=T3(Tz(x Nay,y Nay),z Aay)
=T(T3(xANay,yAay),z) = T(T(x,y),2)

15.y €l
15.1.z€ [asz a;)

T(x,T(y,2)) = T(x, Ts(y Aaz, 2 Aay)) = Ts(x, Ts(y A az, z A ay))
=T3;(Tz(x Aay,y Aay),z)
=T(T3(xANay,yAay),z) =T(T(x,y),z)

152.2€ a3 a4q)

T(x, T(y, z)) =T(x,Ts(yANay,zAay)) =T3(x, Ts5(y Aay, z A ay))
=T3(Ts(x Aaz,y Aay),z)
=T(T3(xANay,yAay),z) =T(T(x,y),z)
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1.53.z€ [a4,aq)
T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x, Ts3(y Aay, z A ay))
=T3(Tz(x Aaz,y Aay),z)
=T(T3(xANay,yAay),z) =T(T(x,y),z)
154.z€ 1,
T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x, Ts3(y Aay, z A ay))
=T3(T3(x Aaz, y Aay),z)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)
155.2€ 1,
T(x, T(y, z)) =T, Ts(yANay,zAay)) =T3(x, Ts(y Aay, z A ay))
=T3(Ts(x ANaz,y Aay),z)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)
156. Z€E I, q,
T(x, T (y, Z)) =T, Ts(yNay,zNay)) = Ts(x, Ts3(y Aay, z A ay))
=T3(T3(x ANay,y ANay),z)
=T(Ts(x NazpyANay),z) =T(T(x,y),2)
16.y€ly, q,
16.1.z€ [asz, a;)
T(x,T(y,2)) = T(x,Ts(y Az, z Aay)) = Ts(x, Ts(y A az, z A ay))
=T3;(T3(x ANay,y ANay),z)
=T(Ts(x AazpyAay),z) =T(T(x,y),2)
16.2.2€ [ay, a4q)
T(x, T (y, Z)) =T, Ts3(yNay,zAay)) = Ts(x, T3(y Aay, z A ay))
=T3(T3(x ANay,y ANay),z)
=T(Ts(xAazpyANay),z) =T(T(x,y),2)
1.6.3.2€ [a4,a9)
T(x, T(y, z)) =T, Ts(yANay,zAay)) =T3(x, Ts5(y Aay, z A ay))
=T3(Tz(x ANay,y Aay),z)
=T(T3(xANay,yAay),z) =T(T(x,y),z)
16.4.2€ 1,

T(x,T(y,2)) = T(x, Ts(y Aaz, 2 A ay)) = Ts(x, Ts(y A az, z A a3))
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=T3(T3(x Aaz, y Aay),z)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)
165.z€l,,

T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x, Ts3(y Aay, z A ay))
=T3(T3(x Aaz, y Aay),z)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

166. ZE€E I, q,

T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x, Ts3(y Aay, z A ay))
=T3(Ts(x ANaz,y Aay),z)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

2. x € [ay, a;) olsun.
2.1.y € [a3,a,)
211.z€ [a3,a,)

T(X'T(y' Z)) =T(x,T5(y,2)) = x AT5(y,2) = T5(y,2)
=T(xAy,2) =T(T(xy),2)

21.2.z€ [a, a;)

T(x,T(y,z)) =T,yAz)=Tx,y)=xAy=y=yAz
=T(xAyz)=T(T(x,y),2z)

2.13.2€ [aq,a9)

T(x,T(y, Z)) =T, yAz)=T(x7y)
=XAy=y=Yy Az
=T(xAy,2)= T(T(x,y),2)

214.2€ 1,

T(x,T(y,z)) = T(x, Ts(yAay, z A az)) =xAT;(yANayzAay)
=T;(yNay,zNay) =T(y,2)
=T(x Ay z) = T(T(x,y),2)

215.2€1,,

T(x,T(y,2)) =T(x,Ts(y Aayz Aay)) = x AT5(y A ay, z A ay)
=Tz:(yNag,zAay) =T(y,2)
=T(x Ay z) = T(T(xy),2)
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216.2€ 1, 4,

T(x,T(y,2)) =T(x,Ts(y Aayz Aay)) = x AT5(Y A ay, z A ay)
=Ts(yANay,zAay) =T(y,z)
=T(xAyz)= T(T(x,y),2)

2.2.y € [ay a4q)
22.1.2€ [a3,a,)

T(x,T(y,z)) =T, yAz)=T(x,z2) =xAz=12z
=T,(xAa,yAa;) Az
=T(T,(xAa,yAay),2) =T(T(x,y),2)

2.2.2.2€ [ay a4q)

T(x,T(y,2)) =T T2 (y,2) = To(x, T,(y Aay, z A ay))
=T(Ty(x Nay,y Aay),z)
=T(T,(xAa,yAay),2) =T(T(x,y),2)

2.2.3.2€ [a4,ay)

T(x,T(y, z)) =T, yAz)=T,(x,y)
= T,(xAna,yAay) =To(xAa,yAay) Az
=T(Ty(xAapynay),z) = T(T(x,y),2)

224.2€ 1,

T(x, T (y, Z)) =T, T,(yNay,zAay)) =T,(x, T,(yANay,z A ay))
=T,(T,(x Aa,yANaqy),zAay)
=T(Ta(x Aay,y Aag),z) = T(T(x,y),2)

225.2€ g,

T(x, T (y, Z)) =T, Ts(yNay,zNay)) =xAT;(yAay, zAay)
=Ts(yAay,zAa,) =zAa,
=T(To,(xAa,yAay),2z) = T(T(x,y),2)

226. €1, 4,

T(x,T(y,2)) =T(x,Ts(y Aayz A ay)) = x ATs(Y Aay, z Aay)
=Ts(yANay,zAay) =zAa,
=T(T,(xAa,yAay),2z) = T(T(x,y),2)

2.3.y € [aq,ap)
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23.1. 2 € [a3,a;)

T(x,T(y,z)) =Tx,yANz)=T(x,z) =xNz=z2

=T(xAy,2) =TT y),2)
23.2.2€ [ay a,)

T(x,T(y,z)) =T, yANz)=T(x,z) =Ty(x,2)
=T(xAy,2) =T(T(xy),2)

2.3.3.Z€ [aq,aq)

T(x,T(y, z)) = T(x, T, (y, Z)) =xATy(y,2)
=x=xANz=T(x,2)
=T(xAyz)= T(T(x,y),2)

234.2€l,,

T(x, T(y, z)) =T, T,(yANay,zAay)) =T,(x,To(yAay,z Aay))
=T, (xANay,zANay) =T(x, 2)
=T(xAy.2)= T(T(x,y),2)

235.z€1,,

T(x,T(y,z)) =T, Ts(yANaz,zNay)) =xAT;(yAay zAa,)
=T;(yAay,zAay) =zANa, =Ts(x Aay,zAay) =T(x, 2)
=T(xAy.2) = T(T(xy),2)

236. Z€ 1y, 4,

T(x, T(y, Z)) =T, Ts(yANayzAay)) =xAT;(yAay, zAay)
=T;(yAay,zAay) =zANa, =Ts(xANay,zAay) =T(x, 2)
=T(xAy.2) = T(T(x,y),2)

24.y €y,
24.1. 2 € [a3,a;)

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay, z A ay)
=T;(yAay,zAay) = zAa,
=T(T,(xAa,yAay),2) =T(T(x,y),2)

24.2.2€ [ay a4)

T(x, T(y, z)) = T(x, T,(yAaq,zA al)) =Ty (x,T,(y Nas,z Aay))
=Ty (Ty(x Aay,y Aay), z)
=T(T,(xAay,yAay),2z) =T(T(x,y),z)
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24.3.Z€ [aq,aq)

T(x, T(y, z)) = T(x, T,(yAaq,zA al)) =Ty(x,T,(yANas,zAay))
=Ty(xANay,yAay) =T,(xAa;,yANa,) Az
=T(Ty(x Aay,yAag),z) =T(T(x,y),2)

244.2€ 1,
T(x, T(y, z)) =T, Ty,(yANay,zAay)) =T,(x, To(y Aay,z Aay))
=T, (To(x Aay,y Aay),zAay)

=TTy (xAap,yAay),z) = T(T(x,y),2)
245.2€ 1,

T(x,T(y,z)) = T(x,T3(y/\ a,, z A az)) =xAT;(yANay zAa,)

= Ts;(yAazzAa,) =zAa,

= T(TZ(x A a,y A al)'z) = T(T(X', y)'Z)
246. 7€ I, 4,

T(x, T (y, Z)) - T(x, Ts;(yAay, z A az)) =xAT;(yANa,,zAa,)

Ts(yAay,zAay) =zAa,

=T(Ty(x Aag,y Aay),z) = T(T(x,y),2)
2.5.y € lg,

25.1.2€ [a3,ay)

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,z A ay)

=Ts(yANayzzAay)

=T(T3(xANazyAay),z) =T(T(x,y),2)
25.2.2€ [ay aq)

T (x, T (y, Z))

T(x,Ts3(yNaz,zNay)) =xATz;(y Aay,zAay)
=T3(y Nay zAay)

=T(T3(xANazyAay),z) =TT (x,y),2)
2.5.3.2€ [aq,a9)

T(x, T(y, z)) =T(x,Ts(yANay,zANay)) =xAT3(y Aay,zAay)

=Ts(yNazzAay) =y Aa,

= T(T3(.X A azy A aZ):Z) = T(T(x’ }’)'Z)
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254.z€ I,

T(x,T(y,z)) =T, Ts(yANay,zNay)) =xAT3(y Aay,zAay)
=T;(y Nay,zAay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

255.z€ 1,

T(x,T(7,2)) =T(x,Ts(y AayzAay)) = x ATs(y Aay,z Aay)
=Ts;(yAay,zAay) =zAa,
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

256. Z€ 1y, 4,

T(x, T (y, Z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,zAay)
=Ts;(yAay,zAay) =zAa,
=T(Ts(x NazyAay),z) =T(T(x,y),2)

26.y € Iy, a,
2.6.1.2€ [a3,a;)

T(x, T (y, Z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,zAay)
=T;(y Nay,zAay)
=T(Ts(x AazpyANay),z) =T(T(x,y),2)

2.6.2.2€ [ay a4)

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,z A ay)
=T;(yANay,zAay)
=T(Ts(x AazpyAay),z) =T(T(x,y),2)

2.6.3.2€ [aq,ap)

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,zAay)
=T;(yAay,zAay) =yAa,
=T(Ts(xAazpyANay),z) =T(T(x,y),2)

264.2€ 1,

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,zAay)
=T;(yANay,zAa,)
=T(Ts(xAazpyANay),z) =T(T(x,y),2)

265.z€l,,

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,z A ay)
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=Ts;(yAay,zAa,) =zAa,
=T(Ts(x Naz,y Nay),z) =T(T(x,y),2)
Z€ Iy, q,
T(x,T(y,z)) =T, Ts(yANay,zNay)) =xAT3(y Aay,zAay)
=Ts;(yAay,zAa,) =zAa,
=T(Ts(x Naz,y Nay),z) =T(T(x,y),2)

3. x € [a4, ap) olsun.

3.1.y € [a3 a,)

3.1.1.

3.1.2.

3.1.3.

3.14.

3.15.

3.1.6.

Z€ [az, ay)

T(X'T(y' Z)) =T(x,T5(y,2)) =x AT5(y,2) = T5(y,2)
=T(x Ay z)=T(T(xy),2)

Z€ [ay aq)

T(x,T(y,z)) =T,yAz)=Tx,y)=xAy=y=yAz
=T(xAyz)=T(T(x,y),z)

Z€ [ay,ap)

T(x,T(y, z)) =T, yAz)=T(x7y)
=XAy=y=Yy Az
=T(xAy,z)= T(T(x,y),2)

Z€ gy,

T(x,T(y,z)) = T(x, Ts(yAay z A az)) =xAT;(yAayzAa,y)
=Ts(y Naz zNay)=T(y,z)
=T(xAyz)= T(T(x,y),2)

ZE g,

T(x,T(y,2)) =T(x,Ts(y Aayz Aay)) = x AT5(Y A ay, z A ay)
=Ts(yANay,zAay) =T(y,z)
=T(x Ay z)= T(T(x,y),2)

2€ 1y, 4,

T(x,T(y,2)) =T(x,Ts(y Aayz Aay)) = x AT5(y A ay, z A ay)
=Ts(yNaz,zAay) =T(y,2)
=T(xAyz)= T(T(x,y),2)
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3.2.x € [ay ay)
3.21.z€ [a3,a,)

T(x,T(y,z)) =T, yrnz)=T(x,z2) =xAz=12z
=yAz=T(y,2)
=T(xAy,2) =TT y),2)

3.2.2.2€ [ay, a,)

T(x,T(y, z)) =T, Ty,(y,2) = x ANT,(y,z) = Ty(y, 2)
=T,(Ty(x Aay,y Aay), z)
=T(xAyz)=T(T(x,y),2)

3.23.2€ [aq,a9)

T(x,T(y,z)) =T, yANz)=xAy=Yy
=yAz=T(,2)
=T(xAy,z) = T(T(x,y),2)

324.2€l,,

T(x, T (y, Z)) =T, T,(yNa,zAay)) = xAT,(yANay,zAay)
=T,(yANay,zhay) =T(y,2)
=T(xAyz)= T(T(x,y),2)

325.z€l,,

T(x, T (y, Z)) =T, Ts(yNay,zNay)) =xAT;(yAay, zAay)
=T;(yANay,zAay)
=T(xAyz)= T(T(x,y),2)

3.26. z€E I, 4,

T(x, T (y, Z)) =T, Ts(yNay,zNay)) =xAT;(yAay, z A ay)
=T;(yANay,zAay)
=T(xAyz)= T(T(x,y),2)

3.3.y € [ay,ap)
3.3.1.z€ [a3,ay)

T(x,T(y,z)) =T,yNz)=T(x,z) =xNz=z2
=Ti(x,y) Nz
=T(T1(x,y),2) = T(T(x,y), 2)
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3.3.2.2€ [a,, a;)

T(x,T(y,z)) =T, yAz)=T(x,z) =xNz=z
=Ti(x,y) Az
=T(T1(x,y).2) = T(T(x,y),2)

3.33.2€ [a4,ay)

T(x,T(y, z)) = T(x, T, (y, Z)) =T,(x,T,(y,2))
=T1(T1(x,¥),2)
=T(Ti(x,y),2) = T(T(x,¥),2)

334.z€1,,

T(x, T (y, Z)) =T, T,(yNa,zANay)) = xAT,(yANay,zAay)
=T,(xNay,zANay) =zAa,
=T(Ty(x,y).2) = T(T(x,y),2)

335.2€ 1,

T(x, T (y, Z)) =T, Ts3(yNay,zNay)) =xAT3(yAaz zAay)
=T;(yAay,zAay) =zAa,
=T(T(x,y),2) = T(T(x,y),2)

336. Z€E I, 4,

T(x, T (y, Z)) =T, Ts(yNay,zNay)) =xAT;(yAay, zAay)
=Ts(yAay,zAa,) =zAa,
=T(T(x,y),2) = T(T(x,y),2)

34.y€l,,
34.1.z€ [a3, a,)

T(x, T(y, Z)) =T(x,Ts(yANay,zAay)) =xAT3(y Aay, z Aay)
=Ts(yANay,zAay) = zAa, =z=Ty(xAa;,,yAa;) Az
=T(T,(xAay,yAay),2z) =T(T(x,y),2z)

34.2.z€ [ay ay)

T(x,T(y,z)) = T(x, T,(yAaq,zA al)) =xAT,(yAa;,zAa;)
=Tyo(yANay,zAa)=T,(To(x Aay,y ANay), z)
=T(T,(xAa,yAay),2z) =T(T(x,y),2)

343.z2€ [aq,ap)

T(x,T(y,z)) = T(x, T,(yAaq,zA al)) =xAT,(yANay,zAay)
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=T,(yANay,zAa)) =yAa,=T,(x Aa,yANa,) Az
=T(Ty(xAay,y Aay),z) =T(T(x,y),z)
344.2€ Iy,

T(X'T()" Z)) =T, T,(yAay,zAa,)) =x AT, (Y Aay,z Aay)

=To(yAay,zha)=To(To(x Aay, y Aay),z A ay)
=T(T,(xAa,yAay),2) =T(T(x,y),z)
345.z€1,,
T(x,T(y,z)) = T(x, Ts(yAay, z A az)) =xAT;(yANay zAay)

= Ts;(yAayz,zAay,) =zAa,

T(Ty(x Aay,yAay),z) = T(T(x,y),2)
34.6. 2€ 1y, 4,

T(x, T (y, Z)) e T(x, Ts;(yAay, z A az)) =xAT;(yANay,zAa,)
=Ts;(yAay,zAay) =zAa,
=T(T,(x Aay,yAay),z) = T(T(x,y),2)
35.y€l,,

35.1.z€ [a3,a;)

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y ANay,zAay)

=Ts(yANayzzAay)

=T(T3(xANazyAay),z) =T(T(x,y),2)
35.2.z€ [ay, ay)

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,z A ay)

=Ts(yAazpzAhay) =Ts(yAazzNay) Nz

=T(T3(xANazyAay),z) =T(T(x,y),2)
353.z2€ [aq,a9)

T(x,T(1,2) =T Ts(y AazzAay)) =x AT3(y Aay, z Aay)

T3(y/\a2,Z/\a2) = Tg(y/\az,Z/\az)/\Z

= T(T3(.X A azy A aZ):Z) = T(T(x’ }’)'Z)

35.4.2€1,,

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,zAay)

=Ts(yANayzAay)

=T(Tz:(x Naz,y ANay),z) =T(T(x,y),z)
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355.z€1,,

T(x,T(y,z)) =T, Ts(yANay,zNay)) =xAT3(y Aay,zAay)
=Ts;(yAay,zAa,) =zAa,
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

35.6. Z€ Iy, 4,

T(x,T(7,2)) =T(x,Ts(y AayzAay)) = x ATs(y Aay,z Aay)
=Ts;(yAay,zAay) =zAa,
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

36.YE Iy, q,
3.6.1.z€ [a3,a;)

T(x, T (y, Z)) =T, Ts3(yNay,zNay)) =xAT3(y ANay,zAay)
=T;(yANay,zAay)
=T(Tz(xNazyAay),z) =T(T(x,y),2)

3.6.2.2€ [a,, a;)

T(x, T (y, Z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,zAay)
=T;(yAay,zAay) =Tz;(xANaz, yAay) Az
=T(Tz(x NazyNay),z) =T(T(x,y),2)

3.6.3.2€ [aq,a9)

T(x,T(7,2)) =T, Ts(y AayzAay)) = x ATs(y Aay,z Aay)
=Ts;(yAay,zAay) =Ts(xANay,yAa,) Az
=T(Tz;(x Nay,yANay),z) =T(T(x,y),z)

36.4.z€1,,

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,zAay)
=T;(yANay,zAa,)
=T(Tz3(xAazyAay),z) =T(T(x,y),2)

365.z€1,

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,zAay)
=T;(yANay,zAa,)
=T(Ts(xAazpyANay),z) =T(T(x,y),2)

3.6.6. z€E I, g4,

T(x,T(y,z)) =T, Ts(yNay,zNay)) =xAT3(y Aay,z A ay)
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=Tz(y Naz,zAay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)
4. x € Iy, olsun.
41.y € [a3,a,)
41.1.z€ [a3, a,)

T(x,T(y, z)) =T(x,T5(y,2)) = T3(x Aay, Ts(y, z))
=T3(T5(x Aay,y Aay),z)
=T(Ts(xANay,yNay),z) =T(T(x,y),2z)

412.2€ [a, aq)

T(x,T(y,z)) =T, yANz)=Tz;(xANay,yAay) =Tz;(xAay,yAay) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2)

413.z€ [aq,a9)

T(x,T(y,z)) =T, yANz)=T3(xNa,,yAay,) =Ts(x Aa,,yAay,) Az
=T(T3(xANay,yAay),z) = T(T(x,y),z)

41.4.2€l,,

T(x,T(y,2)) =T(x, Ts(y AazzAay)) =Ts(x Aay, Ts(y Aay, z Aay)
=T3(Tz(x Aay,y Aay),z Aay)
=T(T3(xANay,yAay),z) = T(T(x,y),z)

415.z€l,,

T(x,T(y,2)) =T(x,Ts(y Aayz Aay)) = Ts(x Aay, Ts(y Aag, z A ay)
=T3(Tz(x Nay,y Aay),z Aay)
=T(T3(xANay,yAay),z) = T(T(x,y),2z)

416.2€ 1, 4,

T(x, T (y, Z)) =T, Ts3(yNay,zNay)) =Ts(x ANay, Ts(y Aay, z Aay)
=T3(Ts(x Aaz,y Aaz),z A ay)
=T(Tz3(xAazyAay),z) = T(T(x,y),2)

42.y € [ay,aq)
421.2€ [as, a;)

T(x, T(y, z)) =T, yAz)=T(x,z) =T3(x Aay, zAa,)
=z=T,(xANa,yANa) Az
=T(T,(xANay,yANay),z) =T(T(x,y),2)
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4.22.2€ [a,, aq)
T(x,T(,2)) = T(x,To,(y,2) = T,(x Aay, To(y,2))
=T, (To(x Aay,y Aay), 2)
= T(TZ(x A ay A al)JZ) = T(T(x: Y):Z)
4.23.2€ [aq,ap)
T(x,T(y,2)) =T(x,y Az) =T,(x Aay,y Aay)
=T,(xANay,yNa))Nz
= T(TZ (X A a1»y A al)JZ) = T(T(X, }’)'Z)
42.4.2€1,,
T(x, T(y, z)) =T, T,(yANa,zANay)) =T, (x ANay, To(yAaq,z A al))
=T,(To(xNay,yNay),zAay)
=T(Ty(x ANay,yANay),z) = T(T(x,y),2)
425.2€l,,
T(x,T(y,2)) =T(x,Ts(y AayzAay)) = x Aa,
=T(Ty(xANay,yAay),z) = T(T(x,y),2)
4.2.6. Z€ Iy, 4,
T(x, T (y, Z)) =T, Tzs(yNay,zAay)) =xAa,
=TTy (xNay,yNaq),z) = T(T(x,y),2)
4.3.y € [aq,a4)
43.1.z€ [as, a;)
T(x,T(y,z)) =T,yNz)=T(x,z) =Tz:(x Nay,zANa,) =zAa,
=TTy (xANay,yNay),z) =T(T(x,y),2)
43.2.2€ [ay, ay)
T(x,T(y,z)) =T(x,yAnz)=T(x,z) =T,(xANa;,zNa,)
= T,(T,(xANay,yANay),zAay)
=TTy (xANay,yNay),z) =T(T(x,y),2)
4.33.2€ [aq,a9)
T(x,T(y,2) =T(x,T,(y,2)) =xAay
=T)(xNay,yANa) =T,(xANay,yANa) Az
=TTy (xANay,yANay),z) = T(T(x,y),2)
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434.2€ 1,

T(x,T(y,z)) =T, T,(yANay,zAay)) =T,(xANay, To(yAaqy,zAay))
=Ty (To(x Aay,y Aay),zAay)
=T(T:(xAay,yANay),z) = T(T(x,y),2)

435.z€1,,

T(x,T(y,2)) = T(x, Ts(y Aay,z Aay)) = Ts(x Aay, Ts(y A ag, z A ay))
=T;(xNayzAay) =zAa,
=T(T:(xAay,yAay)z) = T(T(x,y),2)

436. ZE€ 1y, 4,

T(x, T (y, Z)) =T, Ts(yNay,zAay)) =Ts(x Aay, Ts(y Aay, z A ay))
=T;(xNay,zAay) =zAa,
=T(T(xANap,yAay),z) = T(T(x,y),2)

44.y €ly,
441.7€ [a3,a;)

T(x, T (y, Z)) =T, Ts3(yNay,zNay)) =Tz(x ANay, Ts(y Aay, z Aay))
=Ts(yANay,zAay) = zAa, =z=Ty(xAa;,yAa;) Az
=T(Ty(x Aay,yAay),z) =T(T(x,y),2)

442.2€ [ay ay)

T(x, T (y, Z)) = T(x, T,(yAay,zA al)) =Ty (xNa, T,(yANay,zAay))
=Ty Nap,zAa)=T,(To(x Aay,y A ay),z)
=T(Ty(x Aay,y Aay),z) =T(T(x,y),2)

443.2€ [aq,ap)

T(x, T (y, Z)) = T(x, T,(yAay,zA al)) =Ty (xNa, T,(yANay,zAay))
=T, (xANa,yAha)) = To(xAay,yAha;)) Az
=T(Ta(x Aay,y Aag),z) =T(T(x,y),2)

444.2€ 1,

T(x, T(y, z)) =T, T,(yNay,zANay)) =T,(xANay, T,(yAaqy,zAay))
= Tp(To(x Aay,y Aag),z A ay)
=T(Ta(x Aay,y Aag),z) =T(T(x,y),2)

445.2€1,,

T(x, T(y, z)) = T(x, Ts(yAay, z A az)) =Tz(xNay,, Ts3(y ANay, z A ay))
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= Tzs(yANazzAa,) =zAa,
=T(Ty(xAayy Aay),z) = T(T(x,y),2)
Z€ Iy, q,
T(x, T(y, z)) = T(x, Ts(yAay, z A az)) =Tz(xNay, Ts3(yAay, z A ay))
= T3(yAayzAay) =zAa,
=T(Ty(xAay,yAay),2) = T(T(x,y),2)

45.y € 1y,

45.1.

45.2.

45.3.

454.

45.5.

4.5.6.

ZE€ [as, ay)

T(x, T(y, z)) =T, Ts(yANay,zNay)) =Ts(x Aay, Ts(yAay, z Aay))
=Ts(y Nay,z A ay)
=T(Ts(xNazpyAay),z) =T(T(x,y),2)

Z€ [az, a4)

T(x,T(1,2)) =T, Ts(y AayzAay)) = Ts(x Aay, Ts(y Aay, z Aay))
=Ts;(yAayzAhay) =yAa, =Ts(xANa,,yAa,) Az
=T(Tz3(xAay,y Nay),z) =T(T(x,y),2)

Z€ [ay,ap)

T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x Aay, Ts(yAay, z Aay))
=Ts;(yAayzAhay) =yAa, =T;(xANa,,yAa,) Az
=T(Ts(xNazpyANag),z) =T(T(x,y),2)

ZE Iy,

T(x, T(y, z)) =T, Ts(yANay,zNay)) =Ts(x Aay, Ts(yAay, z Aay))
=Ts(yNaz,zAay) =yAa,
=T(Ts(xNazpyANag),z) =T(T(x,y),2)

ZE g,

T(x,T(7,2)) =T, Ts(y AazzAay)) = Ts(x Aag, Ts(Yy Aay, z Aay))
=Tz(y Naz,zAay)
=T(Ts(x Naz,y Nay),z) =T(T(x,y),2)

Z€ 1y, q,

T(x, T(y, z)) =T, Ts(yNay,zNay)) =Ts(x ANay, Ts(y Aay, z Aay))
=Ts(yANay,zAay)
=T(Ts(xNazpyAay),z) =T(T(x,y),2)
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46.y € 1y, q,
46.1.z € a3, a,)

T(x, T(y, z)) =T, Ts(yNay,zNay)) =Ts(x ANay, Ts(yAay, z Aay))
=T;(y Nay,zAay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

46.2.2€ [a,, aq)

T(x, T(y, z)) =T, Ts(yNay,zNay)) =Ts(x ANay, Ts(yAay, z Aay))
=Ts(yAay,zAa,) =yAa, =Tz;(xAay,yAay) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

4.6.3.2€ [aq,a,)

T(x, T(y, z)) =T, Ts(yANay,zNay)) =Ts(x Aay, Ts(yAay, z Aay))
=Ts;(yAay,zAhay)) =yAa, =Ts(xANa,,yAa,) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2)

46.4.2€ I,

T(x, T(y, z)) =T, Ts(yNay,zAay)) =Ts(x Aay, Ts(yAay, z Aay))
=T;(yNay,zAa,) =y Aa,
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

46.5.z€1,,

T(x, T(y, z)) =T, Ts(yANay,zNay)) =Ts(x Aay, Ts(yAay, z Aay))
=T;(yANay,zAay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

46.6. ZE Iy, 4,

T(x, T (y, Z)) =T, Ts(yNay,zNay)) =Tz(xANay,, Ts(y Aay, z Aay))
=T;(yANay,zAa,)
=T(Tz3(xAazyAay),z) =T(T(x,y),2)

5. x € I, olsun.
51.y € [a3,ay)
511.z€ [a3 a,)

T(x, T(y, Z)) =T, T3(y,2)) =T; (x Nay, T3(y, Z))
=T3(Ts(x Aazy Aay),z)
=T(Ts(xNazy Aay),z) =T(T(x,y),2)



5.1.2.

5.1.3.

5.14.

5.1.5.

5.1.6.
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Z€ [ay, ay)
T(x,T(y,z)) =T, yANz)=Tz;(xANay,yANay) =Tz;(xAay,yAay) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2)
Z€ [aq,ag)
T(x,T(y,z)) =T, yANz)=T;(xANay,yAay) =Ts(x Aaz,yAay,) Az
=T(T3(xANay,yAay),z) = T(T(x,y),2z)
ZE Iy,
T(x, T(y, z)) = T(x, Ts(yAay, z A az)) =Ts;(xANay, Ts(y ANay,zAay)
=T3(Tz(x Nay,y Nay),z Aay)
=T(T3(xANay,yAay),z) = T(T(x,y),z)
ZE I,
T(x,T(y,2)) =T(x, Ts(y Aayz Aay)) = Ts(x Aay, Ts(y A ag, z A ay)
=T3(Ts(x Nay,y Aay),z Aay)
=T(T3(xANay,yAay),z) = T(T(x,y),z)
Z€ Iy, q,
T(x, T (y, Z)) =T, Ts(yNay,zNay)) =Ts(x Nay, Ts(y ANay, z Aay)
=T3(Ts(x ANaz,y Aaz),z A ay))
=T(Ts(xNazyAay),z) = T(T(x,y),2)

5.2. y € [az, al)

5.2.1.

5.2.2.

5.2.3.

Z€ [as a,)

T(x, T(y, Z)) =T(x,yAz)=T(x,z)
=Ti;(xNay,zAay)
=T(T3(xANayyAay),z) =T(T(x,y),2)

Z€ [ay aq)

T(x,T(y, z)) =T(x,T,(y,2)) = xANa,
=T(Tz;(x ANay,yANay),z) =T(T(x,y),z)

Z€ [aq,aq)

T(x, T(y, z)) =T, yANz)=Tz;(xANa,,yAa,)
=T3(xANazyAay) Nz
=T(T3(xANay,yAay),z) = T(T(x,y),z)
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524.2€ I,
T(x,T(y,2)) =T To(yAay,zAa;)) = x Aa,
=T(Tz3(xAazyAay),z) = T(T(x,y),2)
525.2€ I,
T(X, T(y, Z)) = T(X; Ts3(y ANay,z A az)) =T; (x Nay T3(y ANay,z A az))
=T3(Ts(x ANaz,y ANay),z A ay)
= T(T3(X A aZ'y A\ aZ);Z) = T(T(x’ Y),Z)
52.6. ZE Iy, 4,
T(X, T(y, Z)) = T(x, T3(y Aay,z A az)) = T3(x Nay Ts(yANay,z A az))
= T3(T3(x N az,y N az),Z N az)
= T(T3(x A\ a,y A aZ)'Z) = T(T(X', y)'Z)
5.3.y € [ay,ap)
53.1.z€ [a3,a;)
T(x,T(y, Z)) =Tx,yNz)=T(x,z) =T;(x Na,,zAa,)
== T3(T3(x N az,y N az),Z N az)
=T(Ts3(xANazyNay),z) =T(T(x,y),2)
53.2.z€ [ay, a;)
T(x,T(y,z)) =T, yNz)=T(x,z) =Tz(x Nay,zA\a,)
=Ts(xANay,yAa,) Az
=T(Tz;(x Nay,yANay),z) =T(T(x,y),2)
5.33.z€ [aq,a9)
T(x,T(y,2) =T(x,T1(y,2)) =x Ay
=Ts(xANazyAhay)=Tz(xANaz,yAay)\z
=T(T:(x Naz,yANay),z) = T(T(x,y),z)
534.2€l,,
T(x,T(y, z)) =T, T,(yANa,zAay)) = x Aa,
=T(Tz:(xNaz,yANay),z) = T(T(x,y),z)
535.z€,,
T(x, T(y, z)) =T, Ts(yNay,zNay)) =Tzs(x Aay, Ts(yAay, z A ay))
=Ty(x Nay,zAa,y)

=T(Tz3(xAazyAay),z) = T(T(x,y),2)
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536. ZE€ Iy, 4,
T(x, T(y, z)) =T, Ts(yNay,zAay)) =Ts(x Aay, Ts(yAay, z A ay))
=T;(xANay,zAa,y)
=T(T3(xANay,yAay),z) = T(T(x,y),2z)
SA y€ly
541.z€ [a3 a,)
T(x,T(0,2)) =T(x,Ts(yAazzAay)) =Ts(x Aay, Ts(y Aay,z A ay))
= T3(Ts(x Nay,yAay),zAay)
=T(T3(xANay,yAay),z) =T(T(x,y),2)
542.2€ [ay aq)
T(x,T(y,2)) =T(x,T,(y Aay,zAay)) =xAa,
= Ts(xNayyANay)=Ts(xANa,,yANay) Az
=T(Tz;(x ANay,yANay),z) =T(T(x,y),z)
5.43.z € [aq,ap)
T(x, T(y, z)) = T(x, T,(yAaq,zA al)) =xAa,
= Ts(xAayyAay)=Ts(xANa,,yAay) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2)
544.z€1,,
T(x,T(y,2)) =T T,(yAay,zAa;)) =xAa,
= Ts(xNay,yANay) =T3(T3(x Aay,yAay),zAay)
=T(T3(xANay,yAay),z) =T(T(x,y),2)
545.z€1,,
T(x, T (y, Z)) = T(x, Ts;(yAay, z A az)) =Tz(xNay, Ts3(y ANay, z A ay))
= T3(Ts(x Aay,y ANay),z Aay)
=T(T3(x Aay,yAay),z) = T(T(x,y),z)
546. Z€ 1y, 4,
T(x, T(y, Z)) = T(x, Ts(yAay, z A az)) =Ts(xNay,, T3(y Aay, z A ay))
= T3(Ts(x Aay,y ANay),z Aay)
=T(T3(x Aay,yAay),z) = T(T(x,y),
55.y €l
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55.1.z€ [a3 a,)

T(x, T(y, z)) =T, Ts(yNay,zNay)) =Ts(x ANay, Ts(yAay, z Aay))
=T3(T3(x Aay, yAay),zAay)
=T(T3(xANay,yAay),z) =T(T(x,y),z)

55.2.z€ [a,, a;)

T(x, T(y, z)) =T, Ts(yNay,zNay)) =Ts(x ANay, Ts(yAay, z Aay))
=Ts;(xANay,yAhay) =Ts(xAay,,yAay) Az
=T(Ts(xNazyAag),z) =T(T(x,y),2)

55.3.z2€ [a4,a9)

T(x, T (y, Z)) =T, Ts3(yNay,zNay)) =Tz(x ANay, Ts(y Aay, z Aay))
=Ts(xANay,yAay) =Tz(xAay,yAay) Az
=T(T:(xNazyANay),z) =T(T(xy),2)

9554.z€l,,

T(x, T(y, z)) =T, Ts(yANay,zNay)) =Ts(x Aay, Ts(yAay, z Aay))
=Ts(x Aay,y Aay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

9.55.2€1,,

T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x Aay, Ts(yAay, z Aay))
=T3(Tz(x ANay,y Aay),z Aay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

55.6. Z€ 1y, 4,

T(x,T(7,2)) =T, Ts(y AagyzAay)) = Ts(x Aay, Ts(Yy Aay, z Aay))
=T3(Tz(x Nay,y Aay),z Aay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

56.y € Iy, q,
56.1.z€ [a3,a,)

T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x Aay, Ts(yAay, z Aay))
=T3(Tz(x Nay,y Aay),z A ay)
=T(T3(xANay,yAay),z) =T(T(x,y),z)

56.2.2€ [ay aq)
T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x Aay, Ts(y Aay, z Aay))
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=Ts;(xANay,yAay) =Ts(xAay,,yAay) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2z)
56.3.2€ [a4,a9)

T(x,T(y,2)) =T(x,Ts(y AazzAay)) = Ts(x Aay, Ts(Yy Aay, z A ay))
=Ts;(xANay,yAay) =Ts(xAay,,yAay) Az
=T(Ts(xNazyAag),z) =T(T(x,y),2)

5.6.4.z€l,,

T(x, T(y, z)) =T, Ts(yNay,zNay)) =Ts(x ANay, Ts(yAay, z Aay))
=Ts(x Aay,y Aay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

56.5.z€ 1,

T(x,T(y,2)) =T(x,Ts(y AayzAay)) = Ts(x Aay, Ts(Yy Aay, z Aay))
=T3(T5(x Aay, yAay),zAay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

5.6.6. ZE€E Iy, 4,

T(x, T(y, z)) =T, Ts(yANay,zNay)) =Ts(x Aay, Ts(y Aay, z Aay))
=T3(Ts(x Nay,y Aay),z Aay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

6. x € Iy, g,0lsun.
6.1.y € [a3,a;)
6.1.1. z € [a3,a;)

T(x, T(y, Z)) =T(xT3(y,2)) =Ts (x Nay, T3(y, Z))
=T3(Ts(x Aazy Aay),z)
=T(Tz(x NazyANay),z) =T(T(x,y),2)

6.1.2.2€ [a,, aq)

T(x,T(y,z)) =T, yANz)=Tz;(xANay,yAay) =Tzs(xAay,yAay,) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2)

6.1.3.z€ [a4,a9)

T(x,T(y,z)) =T, yANz)=T3(xANa,,yAa,) =Ts(x Aa,,yAa,) Az
=T(T3(xANay,yAay),z) = T(T(x,y),z)
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6.14.z€ I,

T(x, T(y, z)) = T(x, Ts(yAay, z A az)) =Ts;(xANay, Ts(y Aay,zAay)
=T3(T35(x Aay, yAay),zAay)
=T(T3(xANay,yAay),z) = T(T(x,y),2)

6.15.z€ I,

T(x,T(7,2)) =T(x,Ts5(y AayzAay)) = Ts(x Aay, Ts(y Aag, z A ay)
=T3(Ts(x Aaz,y Aaz), z A ay)
=T(T3(xANayyAay),z) = T(T(x,y),2z)

6.16.2€ I, q,

T(x, T (y, Z)) =T, Ts3(yNay,zNay)) =Ts(x Aay, Ts(y Aay, z Aay)
=T3(Ts(x ANaz,y Aayz),z Aay))
=T(T3(xANazyAay),z) = T(T(x,y),2)

6.2.y € [a,,aq)
6.2.1. 2 € [as3,a;)

T(x,T(y, Z)) =T(x,ynz) =T(x,2)
=Ts3(x Nay,zAay)
=T(T:(xNazyNaz),z) =T(T(x,y),2)

6.2.2.2€ [a,, a;)

T(x,T(y, Z)) =T(x,Ty(y,2)) = xAa,
=T(Tz;(x ANay,yANay),z) =T(T(x,y),z)

6.2.3.Z € [aq,ap)

T(x, T(y, Z)) =T, yANz)=Tz;(xANay,yAay)
=Ts(xANayyhaz) ANz
=T(T3(xANayyAay),z) = T(T(x,y),2z)

6.24.z€ I,,

T(x,T(y, z)) =T, T,(yANa,zAay)) = x Aa,

=T(Tz3(xAazyAay),z) = T(T(x,y),2)
6.25.z€ 1,

T(x, T(y, Z)) = T(x, Ts(yAay, z A az)) =T; (x ANay, Ts(y ANay, z A az))
=T3(Ts(x Aazy Aay),zAay)

=T(T3(xAazyAay),z) = T(T(x,y),2)
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6.2.6. ZE Iy, 4,
T(X; T(y, Z)) = T(X» T3;(y Aaz,z A az)) =T; (x Nay T3(y ANay,z A az))
== T3(T3(X A az,y N az),Z N az)
=T(Tz3(xANazyAay),z) = T(T(x,y),2)
6.3.y € [aq,a9)
6.3.1.Z € [as3,a,)
T(x,T(y,z)) =T,yANz)=T(x,z)=Tz;(x Nay,zAa,)
=T3(Ts(x Aazy Aaz),z A ay)
=T(Ts(xNazy Naz),z) = T(T(x,y),2)
6.3.2.2€ [ay, a4q)
T(X,T(Y; Z)) = T(x;y AZ) = T(x, Z) = T3(x A a,z A aZ)
=T;(xANay,yAa,) Az
=T(Tz;(x Nay,yAay),z) =T(T(x,y),2z)
6.3.3.2€ [aq,ay)
T(x,T(y,2) =T(x,T,(y,2)) =x Aay
=Ts(xANazyNay) =Ts(xANazyAaz) Az
=T(T:(xNaz,yANay),z) = T(T(x,y),z)
6.34.2€ I,
T(x, T(y, Z)) =T, T,(yANa,zAay)) = x Aa,
=T(Tz;(x Nay,yANay),z) = T(T(x,y),2)
6.3.5.Z€ I,
T(x, T (y, Z)) =T, Ts(yNay,zNay)) =Tz(x Aay,, Ts(y Aay, z A ay))
= T3(X N az,Z/\ az)
=T(Tz;(x ANay,yANay),z) = T(T(x,y),2)
6.3.6. ZE Iy, 4,
T(x, T(y, Z)) =T, Ts(yNay,zAay)) =Ts(x Aay, Ts(yAay, z A ay))
=Ts(x Nay,zAa,y)
=T(Tz:(x Aaz,yANay),z) = T(T(x,y),z)
64.y€ Ig,
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6.4.1.z€ [a3,a,)

T(x, T(y, z)) = T(x, Ts(yAay, z A az)) = T3(x ANay, Ts(y Aay,z A az))
= T3(Ts(x Aaz,y Aag),z A ay)
=T(T3(xANayyAay),z) =T(T(x,y),2)

6.4.2.2€ [a,, aq)

T(x,T(y, z)) = T(x, T,(yAaq,zA al)) =xAa,
= Ty3(xAayyAa)=Ts(x Aay, yAay) Az
=T(Ts(x Nazy Aaz),z) = T(T(x,y),2)

6.4.3.2€ [aq,a9)

T(x, T (y, Z)) = T(x, T,(yANay,zA al)) =xAa,
= Ty(xANazyAa)=Ts(x Aay, yAay) Az
=T(Ts(x ANazyAay),z) =T(T(x,y),2)

6.44.z€l,,

T(x,T(y,2)) =T, T,(yAay,zAa;)) =xAay
= Ts(xANayyAay) =T;(Ts(x ANay,y Aay),zAay)
=T(T3(xANay,yAay),z) =T(T(x,y),2)

6.45.z€ 1,

T(x, T(y, z)) = T(x, Ts(yAay, z A az)) =Tz(xNay, Ts3(yAay, z A ay))
= T3(Ts(x ANaz,y Aaz),z A ay)
=T(Ts(xNazy Nay),z) = T(T(x,y),2)

6.46. ZE Iy, 4,

T(X, T(y, Z)) = T(X; T3(y Aay, z A az)) =T3(x Nay, T3(y A ay, z A ay))

T3(Ts(x Naz,y Aag),z Aay)
T(T3(x A ay A aZ)'Z) = T(T(x, )’)'

6.5.y € I,
6.5.1.z € [a3,a,)
T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x Aay, Ts(yAay, z Aay))
=T3(Ts(x Aaz,y Aaz), z A ay)
=T(Tz;(x Nay,yAay),z) =T(T(x,y),2)
6.5.2.2€ [ay, a4q)
T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x Aay, Ts(y Aay, z Aay))
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=Ts;(xNay,yhay) =Tz(xANaz,yANay) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2z)
6.5.3. 2 € [a4,ap)

T(x,T(y,2)) =T(x,Ts(y AazzAay)) = Ts(x Aay, Ts(Yy Aay, z A ay))
=Ts;(xNay,yhay) =Ts(xANaz,yANay) Az
=T(T3(xAaz,yNay),z) =T(T(x,y),2)

6.5.4.z€ I,

T(x, T(y, z)) =T, Ts(yNay,zNay)) =Ts(x ANay, Ts(yAay, z Aay))
=T;(xANay,,yAay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

6.55.z€ I,,

T(x, T(y, z)) =T, Ts(yANay,zNAay)) =Ts(x ANay, Ts(yAay, z Aay))
=T3(Ts(x Nay,y ANay),z Aay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

6.5.6. ZE Iy, 4,

T(x, T(y, z)) =T, Ts(yANay,zNay)) =Ts(x Aay, Ts(y Aay, z Aay))
=T3(Ts(x Nay,y Aay),z Aay)
=T(T3(xANay,yAay),z) =T(T(x,y),2z)

6.6.y €1y, q,
6.6.1.z € [a3,a,)

T(x, T (y, Z)) =T, Ts(yNay,zNay)) =Tz(x ANay,, Ts(y Aay, z Aay))
=T3(Ts(x Naz,y Aay),z A ay)
=T(T:(x Nazy Nay),z) =T(T(x,y),2)

6.6.2.2 € [a,,a;)

T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x Aay, Ts(yAay, z Aay))
=Ts(xNazyAnay) =Ts(xANaz,yAay) Az
=T(T3(xANay,yAay),z) =T(T(x,y),z)

6.6.3.z € [aq,a9)

T(x, T(y, z)) =T, Ts(yANay,zAay)) =Ts(x Aay, Ts(yAay, z Aay))
=Ts(xNazyAnay) =Ts(xANaz,yAay) Az
=T(T3(xANay,yAay),z) =T(T(x,y),2z)
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6.64.2€ I,
T(x, T(y, z)) =T, Ts(yNay,zNay)) =Ts(x ANay, Ts(yAay, z Aay))
=T;(x ANay,yAay)
=T(Tz;:(x Nay,yAay),z) =T(T(x,y),z)
6.6.5.Z€ I,
T(x, T(y, Z)) =T(x,Ts3(yANay,zAay)) =T;(xAay,, Ts(y Aay, z A ay))
=T3(Ts(x Aaz, y Aaz), z A ay)
=T(Tz:(x Naz,y ANay),z) =T(T(x,y),z)
6.6.6. ZE I, 4,
T(x, T (y, Z)) =T, Ts(yNay,zNay)) =Tz(x ANay,, Ts(y Aay, z Aay))
=T3(Ts(x Naz,y Aay),zAay)
= T(TB(x A ay A aZ)'Z) = T(T(X', y)'Z)
T nin komutatifligi ve 1 in T nin birim eleman1 oldugu agiktir.

T,, T, ve T5 yardimiyla elde edilen T t- normu asagidaki gibi sematize edilebilir.

Ial,az

a

T (%2) Ty (*2)

T5(*3)

11,

XAy T;

Ty (*2)

a,

a;

0 a, a; 1 I, Ig, Io,a,

Sekil 2.4. T t- normu

Teorem 2.7. nin bir uygulamasi olarak asagidaki 6rnek verilebilir.



Ornek 2.8. (L, <,0,1) sinirli kafesi asagidaki gibi verilsin.

A
o7

Sekil 2.5. (L, <,0,1) kafes diyagrami

S

\/\/
\/\

Kafes diyagramindan da goriinecegi lizere 0 = a3; <a, =b<a;=e<ag=1

icin [0, b] lizerinde T3 = Tp, [b, e] lizerinde

Tablo 7. T, t- normu

T, | b d e

O

b |[b

(e
o
(o

(0]
o
(@]
o
(0]

t- normu, [e, 1] tizerinde T; = T, alinirsa, Teorem 2.7 yardimiyla L iizerinde T t- normu

asagidaki gibi elde edilir.
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Tablo 8. T t- normu

Teorem 2.9. (L, <,0,1) smurh bir kafes, 0 = a4 < az < a, < a; < ay = 1 olacak
sekilde agy, a4, a,, a3, a4 € L igin Ty , Ty, T3 Ve T, sirasiyla L nin [a;,a4] , [a, 24] , [a3,a3]
ve [ay, az] alt araliklart tizerinde tanimli dort t- norm olsun. Bu takdirde, asagida verilen

T: L2 > L fonksiyonu L iizerinde bir t- normdur.

( Ti(x,y) ) (x,y) € [ay,a0)*

To(x,y) ) (x,y) € [az,a;)*

T3(x,y) ) (x,y) € [az,a3)?

Ta(x,y) ) (x,y) € [as,a3)*
Ta(xANay,yAhay) (x,y) € Ig, X [az,a0) U az, ag) X Iq, Uly, XIg,
Ts(xAazyAhay) ,  (x%Y) € Ug, Ula,a,) X [as, ap) Ulas, ag) X (Ig, Vg, a,)

Ulg, X[as,az) Ulag,az) X 1y, Uly, X g,
Ulga, X laja, Ula, X g, Ulg, X1y,
U Ia1,a2 X (Ia1 U Iaz) U (Ia1 U Iaz) X Ial,az
XNy ) (x,) € [ag,a9) X [ag, a;) U [as, a1) X [ay,a0)
U [az, a;) X [ay,az) U [ay, az) X [az,a4)
U [az, ay) X [as,a3) U [as, a3) X [az, ay)
ULXx{1}u{1} XL
\Tu,(x Naz,yAaz) , Aksi Takdirde.

T(x,y) =+
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Ispat: Teorem 2.7 nin ispatina benzer sekilde yapalir.

T;, T, ,T; ve T, yardimiyla elde edilen T t- normu asagidaki gibi sematize edilebilir.

T5(*3) T5(*3) T5(x3)

Ial,az Ial,az,aa

Iaz,a3

a;

T2 (*2) T5(*2)

I

T5(*3)

2

-~ T5(*3) T5(*3)

3

~ Ty (*4)

T5(*2)

XN y T2 T5(*3)

a,

a

T3 x A y T5(*3)

as

0 as a; a; 1 Ia Ia1 Iaz,a3 Ial,az layaz.a5

Sekil 2.6. T t- norm

Teorem 2.10. (L,<,0,1) sinirht bir kafes, 0 =as; <ay <az; <a, <a; <ag=1
olacak sekilde ag, a;,a,,as,a4,as € L i¢in Ty, T,, Tz , T, ve Ty sirastyla L nin [aq,a4] ,
[a5,a1] , [a3, 23], [a4,a3] Ve [ag,a4] alt araliklan {izerinde tanimli bes t- norm olsun. Bu
takdirde, asagida verilen T : L? — L fonksiyonu L iizerinde bir t- normdur.

Sekil 2.7 de T;, T, , T3, T, ve Ts yardimiyla elde edilen T t- normu asagida gosterilmistir.



Ty (x,y)
Ty (x,y)
T3(x,y)
Ta(x,y)

Ts(x,y)
T,(xAa;,y Aay)

Ts3(x Aay,y Aay)

Ty(x Aas,y Aas)

T(x,y =1

XNy

\Ts(x Aa,, yAay)

’

’

)

)
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(x,y) € [ay,a0)*
(x,y) € [az,a)°
(x,y) € [as, a,)*
(x,y) € [as, as)*
(x,y) € [as,a,)?

(x,¥) € I, X [az,a0) U laz, ag) X Ig, Ul X Ig,
(x: y) € (Ia2 U Ial,az) X [a31a0) U [a31a0) X (Iaz Y Ial,az)
Ulg, X [as,a;) Ulas, az) X I, Uly, X g,

Ulg a, X laga, Ula, X 1a, Uly, X 1o,

Ulg a, X (g, Ulg,) U g, Ulg,) X1y, q,

(x, y) € (Ia3 U Iaz,a3 U Ial,az,a3) X [a4: ao)

U [a4' ao) X (Ia3 U Iaz,ag U Ial,az,a3)

U (Ia1 U Iaz U Ial,az) X [a4' a3) U [a4' a3) X (1a1 u Iaz u Ial,az)
Ulg, XIg, Ulg,a, X lgya, Yl a,as X lagasas
U (Iaz,ag u Ial,az,ag) X (Ial u Iaz U Ia3)

U (Ia1 U Iaz U Iag) X (Iaz,ag U Ial,az,ag)

U(g, Ulg, Ulg q,) X1, Uly, X (Ig, Ulg, Uly 4,)
Ula,ay X layas Ylayas X laya,

U Ial,az,ag X (Ial,az U Iaz,ag) U (Ial,az U Iaz,a3) X Ial,az,ag
(x,y) € [ay, ap) x [as,a;) U [as, a;) X [ay,a0)

U [az a;) X [as,az) U [as, a,) X [az,a4)

U [as, ay) X [as, a3) U [as, as) X [a3,a;)

U [ay, a3) X [as, a,) U [as, a,) X [a4, a3)
ULx{1ju{1} xL
Aksi Takdirde.

Ispat: Teorem 2.7 nin ispatina benzer sekilde yapilir.
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§ Ty(*4) Ty (*4) Ty(*4) Ta(xs)
ZE T5(*3) T3(*3) Ts(*3) -
. <
§ Ty(*4) Ty (*4) Ty (*4) =~
g
=
3 T,(*2) ~
~ *m
~ ~ ~
*ﬁ‘ g‘n *d‘
S T3(*3) E E
T Ty (*4) Ty (*4)
~§ Ts(*s)
—
T1 AN
! *
c e N/ N
o o o™
. < < 5
S =
Ts B~
[se}
S
T, XNy Ty(*4) Ty (*4)
S
Ts
0 Ay as a, a; 1 Ia4 Ia3 Ia2 Ia1 loa, layas laja, lagasa, lavaya; aresasas

Sekil 2.7. T t- normu

Bu bulgulardan yola ¢ikarak 0 = a, < a,,_; < -* < a; < ag = 1 olacak sekilde

Ao, A1, Az, o, An_1,0y € Li¢in Ty, Ty,...,Ty,_1 Ve T, swrastyla L nin [a;,a,] , [az,a4] 5 ...,

[an—1,an_2], [an,apn_1] lzerinde tanimli n tane t- norm verildiginde T t- normu asagidaki
sekilde elde edilir. Boylece iki alt aralik i¢in verilen insa metodu genellenmis olur.

Teorem 2.11. (L, <,0,1) simirh bir kafes, 0 = a, < a,_; < - < a; < ay =1 olacak

sekilde ay,aq,as,...,an—1,a, €L igin Ty, Ty,..,T,_1 Ve T, swrasiyla L nin [as,a0] ,

[az,24] , ..., [ap—1,an—2] » [an, an—1] alt araliklar tizerinde tanimli t- normlar olsun. Bu

takdirde, asagida verilen T,;: L? — L fonksiyonu L iizerinde bir t- normdur.



T (xy)
T(xAayy Aay)

Tm+1(x A am,y A am)
T (xy) =

Tmak{r,l}+1(x A amak{r,l}ﬁy A amak{r,l})

XAy

Tn(x A an-1,Y AQp-1)

T;, T, ..., T, yardimiyla elde edilen T t- normu asagidaki gibi sematize edilebilir.

’

’

’

’
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(x,y) € lay1,a)?,
(0Y) € lyapyy o X [ap'ar) v [ap'ar) X oy ayis .0
(O<r<p<l+i<n),(1<k<l<n—1)

0<i<n-1

(X,y) € Iak,ak+1...,al X [am+1'am) U [am+1Jam) X Iak,akﬂ.“,al
2<sm+1<n),(l<m)

(x’ y) € Illk,‘lk+1--»‘ll x Iap:ap+1--»ar U Iap'ap+1--uar x Iak.ak+1~-~.al

(1<k<l<sn-1),1<p<r<n-1)
(ny) € [ai+1'ai) X [am ai+1) U [an'aiJrl) X [ai+1'ai)
ULX{1}Ju{1}xL,(2<i+2<n)

Aksi Takdirde.

(10)

Tn—l (*n—l)

Ian—zfan—1

T, (*2)

ai

Tn—l (*n—l)

Tn—l (*n—l)

Ian—l

Tn(*n)

a;

a,

Th-1 XNy

T3 (*2)

Tn—l (*n—l)

Tn—l (*n—l)

Ty-1 (1)

Tr—1(*n-1)

Tr_1(*pn-1)

Sekil 2.8. T t- normu

An-2,n-1
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Yukaridaki verilen formiil yukarida ispat1 verilen tiim durumlari kapsar. Yukaridaki

formiile alternatif olarak bu genelleme asagidaki sekilde de ifade edilir. Asagidaki formiil

n + 1 elamanli bir zincir ile n elemanl bir zincir igin elde edilen insa arasinda bir iligkiyi

Verir.

Tn*(xvY) =9

Tn—l*(x' }’)

To(x Aay_1,y A ayn_y)

)

(x,y) € lag,a)? 0<i<n-2
U [akrak+1---'al X [aP’ aT) U [aP’ aT) x [ak'ak+1---'al
(0<r<p<l+1<n-1),1<k<l<n-2)
U Iak,akﬂ...,al X [am+1l am) U [am+1' am) X Iak,ak+1...,al
sm+1<n-1),(l<m) (11)
Ul X1 ul X1

A, k41 AL ap,ap+1...,ar ap,ap+1...,ar Ak, Q41 a1
1<k<l<sn-2),A<p<r<n-2)
U l@iy1,a;) X [an, a;11) U [an, a;11) X [a;14,a;)
ULXx{1}Ju{1}xL 2<i+2<n-1)
Aksi Takdirde.

Uyari 2.12. (11) formiilii T, t-normu ile T,,_;" t-normu arasindaki iligkiyi verir.

Uyan 2.13. Bu calismada t- normlar i¢in yapilan tiim ¢alismalar dual olarak t-

conormlar i¢in de yapilir.



3. IRDELEME

Bu calismada sinirli kafesler tizerinde t- normlar igin bir insa yontemi arastirilmistir. Bu
tezin amaci L sinirl kafesinin alt araliklari tizerinde tanimli T; t- normlarindan, higbir ek sarta
gerek kalmaksizin, L iizerinde bir T t- normu elde etmek i¢in bir insa metodu vermektir. Bu
amagla literatiir incelendiginde, L simirli kafesinin [a, 1] alt araligi iizerinde taniml bir t-
normdan L iizerinde bir t- norm elde etmek i¢in insa metotlarinin mevcut oldugu goériilmiistiir.
Bu insa metotlarinin disinda, L smirli kafesinin alt araliklar1 tizerinde tanimli t- normlardan L
lizerinde bir t- norm elde etmek i¢in hangi ek kosullara ihtiya¢ duyuldugunun incelendigi bir
calisgma da mevcuttur. Bu bilgiler 1g1ginda, L smirh kafesinin [0, a,], [a4, 1] alt araliklari
tizerinde tanimli t- normlardan higbir ek sart gerekmeksizin L iizerinde bir t- norm elde etmek
icin bir insa metodu arastirtlmistir. Bu metot [0, a;], [a4, a;] ,[a,, 1] alt araliklar tizerinde
taniml1 t- normlardan L tizerinde bir t- norm elde edebilecek sekilde genisletilmistir. Benzer
fikirle cok daha genel bir form elde edilmistir. Elde edilen insa metodu mevcut yontemlerle

karsilastirilmistir.



4. SONUCLAR

Bu ¢alismada elde edilen baz1 sonuclar sunlardir:

1. L nin [0, a4], [a4, 1] alt araliklar1 tizerinde tanimli sirasiyla T;, T, t- normlarindan,
hicbir ek sarta gerek duymaksizin, L {izerinde bir t- norm elde etmek i¢in bir metot
verilmistir.

2. Onerilen insa metodunun (6), (7), (8) formiilleri ile verilen insa metotlarindan
farkli oldugu gosterilmistir. Hangi durumlarda ¢akistiklari arastirilmistir.

3. Onerilen insa metodunun (6), (7) ile verilen insa metotlarindan daha genel oldugu
gosterilmistir.

4. Onerilen metodun L nin [0, a,], [ay, a;], [aq,1] ve [0, as], [as, a5], [az, a1],[a1, 1]
alt araliklarinda tanimli t- normlardan L iizerinde bir t- norm elde etmek i¢in nasil modifiye
edildigi gosterilmis ve ispatlanmistir.

5. Verilen metot [a;,a;_41] (1 <i<n, ayp =1, a, = 0) araliklar1 lizerinde tanimli
T; t- normlarindan L iizerinde bir T t- normu elde edilecek sekilde genellestirilmistir.

6. Lninn + 1 elemanl zinciri yardimiyla elde edilen t- norm ile n elemanl zincir

yardimiyla elde edilen t- norm arasindaki iligki ortaya koyulmustur.



5. ONERILER

1. Benzer insa metodu uninormlar i¢in de arastirilabilir.

2.0=a, <a,_; <:-<a; <ay =1 olmak iizere benzer insa metodu [ay, aj_4]
(k €{1,2,..,n}) tzerinde tanimli monoton, asosyatif, komutatif bir * ikili islemi ve
[a;, a;_1] (1 < i <n,i# k) lizerinde T; t- normlar1 alinarak verilebilir mi, arastirilabilir.

3. Insa metodunun iizerine kuruldugu T; (1 < i < n) t-normlarinin sagladig: cebirsel

ozelliklerin T t- normu i¢in de korunup korunmadigi arastirilabilir.
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